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Abstract: Solute transport in unsaturated porous media can be viewed as a coupled phenomenon with water
and heat transport, together with mechanical behaviour of media. In this paper, solute transport is formulated
mathematically considering heat and water flow in deformable porous media. Advection, dispersion and
diffusion of chemical species in the liquid phase are considered. Convection and conduction for heat flow is
taken into account. Water flow is considered in both vapour and liquid phases. Equilibrium equation, energy
conservation, mass conservation and linear momentum for water, gas and solute are written and solved
simultaneously using finite element method. The developed model is validated by solving some examples and
comparing results with the results of experimental observation.

Introduction

[ Downloaded from ijce.iust.ac.ir on 2023-01-08 ]

Transfer of contaminant in soil is an issue of great
importance with respect to the associated risks to
human health and the environment. The
advection–dispersion equation (ADE) has been
widely used to describe solute transport in porous
media (Bear, 1979; Fetter, 1993).
In spite of
numerous studies of contaminant transport in
saturated porous media, few researches are
accessible in unsaturated porous media especially
in case of existing thermal forces (e.g. Schrefler,
1995 ; Gens and Olivella, 2000, 2001 and
Thomas et al., 2004).
Transfer of contaminant in soil is a problem with
coupling between different forces. Variations of
pressure and temperature induce water velocity
changes and contaminant transport. Also, in some
clayey soils, osmotic pressure is another force in
water and solute transport. In a number of
environmental
geomechanics
situations,
problems often involve heat, mass and
contaminant transport simultaneously and
coupling solution is needed. This paper gives the
governing equations of the thermal, chemical and
mechanical behaviour in order to estimate
deformation, temperature and concentration of
chemical elements in a multiphase medium.
Most of the present studies are a combination
between one thermo-hydro-mechanical program
and one geochemical program. Using the two
existing codes is the major advantage of this
method, although it is the origin of some
inconveniences too. The governing equations are
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solved in two programs in this method in which
some variables are kept constant in each
program. Using one iterative method to find the
exact value of all variables requires spending a
lot of time to solve and may cause inaccuracy in
results. In addition, it is necessary to develop
proper hydro- mechanical constitutive models
that take into account the influence of
geochemical variables on soil behaviour (Gens et
al. 2002). Herein the chemical transport equation
is combined with thermo-hydro-mechanical
equations in a fully coupled manner and the
equations are solved simultaneously with finite
element method.
Based on the theory of Philip & De Vries (1957)
for transfer of heat and humidity in rigid medium,
Gatmiri et al. (1999) have proposed and validated
a coupled formulation for behaviour of a
deformable unsaturated porous medium. In this
approach, water flow occurs in both vapour and
liquid phases; and heat convection and
conduction have been taken into account. The
coupling effects of skeleton, suction and
temperature via the concept of state surface of
void ratio and degree of saturation have been
included. In this paper to include the chemical
transfer in the unsaturated soil, advection,
dispersion and diffusion of contaminant are
considered. The interaction of chemical solute on
the mechanical behaviour is considered via void
ratio surface. The governing equations in terms of
soil displacements, water and air pressure,
temperature and concentration of contaminant
are coupled. The results of this coupling are nonlinear partial differential equations which are
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where U and V are water and vapour velocity, Uw
is water density and Um is moisture density which
is equal to:

solved by finite element method.
Governing equations

Um
Mass conservation of moisture, gas and chemical
species as well as energy conservation and
equilibrium equation are the governing equations
of this formulation which are explained as
follows:
Gas mass conservation

Darcy’s law can be used to determine gas
velocity in porous media (Matyas, 1967;
Langfelder et al., 1968), therefore:
⎛ ⎛ Pg ⎞
⎞
(1)
 K g ⎜ ⎜ ⎟  Z ⎟
⎜ ⎜J g ⎟
⎟
⎝ ⎝ ⎠
⎠
where Kg and Pg are the permeability and the
pressure of gas in the porous media respectively.
Gas permeability is a function of the void ratio
and the degree of saturation (Lloret and Alonso,
1980 ; Thomas and He, 1995) and can be written
as:
Vg

Kg

bJ g

Pg

>e 1  S r @c

(2)

where e is the void ratio, Sr is the degree of
saturation, b and c are constant determined
experimentally and Pg, Jg are the viscosity and
the unit weight of gas, respectively.
Considering flux of dissolved gas in the water,
equation of mass conservation and movement of
gas in a control volume of unsaturated porous
media can be given as:
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w
>nU g 1  S r  HS r
wt

@

 div U g V g  div U g HU

(3)

where H is Henry constant, n porosity, Ug gas
density and Vg, U are vectors of gas and water
velocity, respectively.
Moisture mass conservation

Moisture stands for water and vapour in this
formulation. Moisture mass conservation is as
follow:
(4)
wU m
div U w U  V
wt
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TU w  n  T U v

nS r U w  n 1  S r U v

(5)

where Uv is the vapour density and T is the
volumetric water content.
Generalized Darcy’s law has been proposed for
water transport in unsaturated soil by many
authors (e.g. Richards, 1931; Bear, 1979). Using
this law, the velocity of water (U) would be:

U

K w P

(6)

where Kw is permeability of water. In addition to
capillary and gravitational potential, osmotic
potential may change water velocity where there
is solute in some types of soils (Mitchell, 1993).
To consider the osmotic pressure, can be written
as:

 <m  Z  Z <o

P

(7)

where <m is the capillary potential, <0 osmotic
potential, Z gravitation term and, Z is the osmotic
efficiency. Value of osmotic efficiency depends
on the soil and the solute properties and has been
measured for many types of clay (Bresler, 1973;
Barbour and Fredlund, 1989). In this formulation,
we assume that the osmotic efficiency is an
exponential function of the water content and the
concentration of solute, then

Z Z (C ,T ) D exp ET  JC

(8)

where C is the solute concentration and DEJare
the parameters that should be determined for each
solute and soil system. Osmotic efficiency has a
value between 0 and 1.
For dilute solution, osmotic potential (<0 ) can be
obtained from Van’t Hoff equation:
<o



RTC

(9)
Jw
where T is the temperature in Kelvin and R is the
universal gas constant (R =8.314 J/mol/°K).
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V T
(10)
<r T
Vr
where V(T) is the surface tension of water at
temperature T. <r and Vr are the capillary
potential and the surface tension in reference
temperature (r). Substituting equations (7) to
(10) into equation (6), the velocity of water in
unsaturated media is obtained as follows:
<m

U K w P

 DTwcT  DTwT  DcwC  K wZ

DTw

Dcw

Kw

<r T d V T
RC
 Kw
Z (T , C )
dT
Vr
Jw

V T d <r
V r dT
RT
Kw
Z (T , C )
Jw
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⎛ S  S ru ⎞
⎟⎟
K wz0 ⎜⎜ r
⎝ >1  S ru @ ⎠

d

⎛ P w (Tr ) ⎞
⎜
⎟
⎜ P w (T ) ⎟
⎝
⎠

(15)

(16)

c e

where Kwz0=c1.10 2 saturated soil water
permeability, Pw(Tr), Pw(T) are the water
viscosity at reference temperature (Tr) and at
temperature(T). e and Sru are the void ratio and
the residual degree of saturation, respectively and
c1, c2 and d are constant.
Flux of vapour (qvap) is (Philip & De Vries 1957):
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(18)

⎛ <g ⎞
⎟
exp⎜
(19)
⎜R T⎟
⎝ f ⎠
Where < is the thermodynamic potential, g is the
gravity, Rf is the fluid constant and T is the
temperature.

where Krw(Sr) is the relative permeability that
depends on the degree of saturation, K(n) is the
intrinsic permeability that depends on the
porosity and Pw is the water viscosity that
depends on the temperature. Different relations
for permeability have been proposed by various
investigators ( Irmay, 1954 ; Corey, 1957 ;
Gardner, 1958 ; Kovacs, 1981 ; Gens et al., 1997)
which can be classified in the above form. In this
study, the following relationship has been
adopted (Gatmiri, 1997):
Kw

U0 h

h

(14)

K rw (S r ).K (n) / P w

Uv

(12)

in which Kw is the permeability of water in the
porous media. In unsaturated porous media, the
general form of permeability is:

Kw

where D0 is the molecular diffusion of vapour,
W tortuosity, a air content of soil and v is the
constant which is approximately equal 1.0 in the
ambient condition. The vapour density (Uv) in the
thermodynamic equilibrium condition is a
function of the saturation vapour density (U0) and
the humidity (h):

The saturation vapour density (U0) is temperature
dependent and the humidity can be expressed by
Kelvin relation:

(13)

Kw

(17)

(11)
where
DTwc

 D0 .Q .W .a.U v

q vap

Capillary potential (<m) can be replaced with:

In the ambient condition, variation of relative
humidity against temperature can be neglected
(Philip & De Vries,1957; Farouki, 1986) and it
can be assumed that relative humidity is a
function of water content. Substituting equations
(18), (19) in equation (17), we can obtain the
vapour velocity (V) as:
V

q vap

Uw



D0 .Q .W .a U v g w\
D .Q .W .a dU 0
.
T  0
h T
Uw
U w dT
RT wT

(20)
Chemical species transport and conservation

Chemical species move in porous media through
convection and diffusion phenomena. Convective
flow (qc) or transfer of solute due to water flow
is:
qc=UC

(21)

where U is the water velocity and C is the solute
concentration. Diffusive and dispersive flow of
solute is likewise proportional to the gradient of
concentration (Ficks law):
qdiff = Dgrad(C)

(22)
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where D is the hydrodynamics dispersion tensor
that is sum of the effective diffusion tensor and
the mechanical dispersion tensor:

defined by :

D = Ddiff +Ddisp

in which hfg is the latent heat of vaporization and
CT is the specific heat capacity of unsaturated
mixture and can be written as:

(23)

where Ddiff is the molecular diffusion tensor and
Ddisp is the mechanical dispersion tensor of
porous media. Scheidegger (1961) stated that the
coefficients of mechanical dispersion can be
related to the average interstitial fluid velocity by
means of the geometric dispersivity of the
medium. For a saturated porous medium, the
geometric dispersivity depends on the hydraulic
conductivity, the length of a characteristic flow
path, and the tortuosity. In a medium that is
isotropic with respect to dispersion, the
geometric dispersivity can be expressed in terms
of just two coefficients: longitudinal dispersivity
and transverse dispersivity (Bear, 1979). In the
two dimension problems it takes the following
form:
D xx
D yy

2
x

v
 DT
v
v y2
DL
 DT
v

DL

D xy

D yx

v

2
y

(24)

v
v x2
v

D L  DT

(25)
vx v y
v

(26)

where vx, vy are the velocity of water in x and y
direction and v is the mean velocity of water.
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Mass conservation of chemical species without
any interaction with solid phase can be expressed
as:
w (TC )
wt

div((1 - Z )(q diff  q c ))  6R n

(27)

Energy conservation and heat flow

In porous medium, the energy conservation can
be written as:
wM
 divQ
wt

0

(28)

where Q is the heat flow and M is the volumetric
bulk heat content of medium which can be
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M

CT

CT T  T0  n  T U v h fg

1  n U s C ps  TU w C pw  n  T U v C pv

(29)

(30)

 n  T U g C pg  TCM c C pc

where Mc is the molar mass of solute and Cps,
Cpw , Cpv, Cpg and , Cpc are the specific heat
capacity of solid, liquid, vapour, gas and solute,
respectively. Total flow of latent and sensible
heat in an unsaturated porous medium is given,
based on Philip & De Vries theory as:
Q

>

 λgradT  C Pw U wU  C pv U wV  C pg U gVg

(31)

@

 C Pc ( qc  qdiff ) T  T0  U w h fgV  U vVg h fg

where T0 is an arbitrary reference temperature
and O accounts for Fourier heat diffusion
coefficient and can be evaluated by following
proposition :

O

1  n Os  TOw  n  T Ov

(32)

in which Os, Ow and Ov are the thermal
conductivity of soil, water and vapour.
Equilibrium equation and constitutive law

Equilibrium equation, for unsaturated media
using total stress can be written as:
(V ij  G ij p g ) , j  p g , j  b i

0

(33)

where V is the stress tensor, pg pressure of gas,
G ij Kronecker delta and bi is the volumetric
force in direction i.
Stress variables governing unsaturated soil
behaviour can be reduced to two stress state
variables. Net stress and suction are considered
as two independent stresses in present study.
Nonlinear elastic behaviour against mechanical,
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Fig. 1 Void ratio surface (the mean stress and the temperature are constant: T=20°C, V =30kPa)

thermal and chemical forces is assumed. For this
condition the constitutive law can be written as:

and :
e

d (V ij  G ijp g ) DdH  Fd (p g  p w )  C T dT  L C dC

(34)
where
F = DDs-1 with Ds-1=Esm in which
1
we
1  e w( p g  pw )

Es

(35)

CT = D Dt-1 with Dt-1 = Etm in which

1 we
1  e w(T )
LC = DDc-1 with Dc-1= Etm in which

Et

Ec

1 we
1  e w(C )

[ Downloaded from ijce.iust.ac.ir on 2023-01-08 ]

and
m=[1 1 0]

(36)

(37)

(38)

Void ratio and degree of saturation in unsaturated
soil depend on the total stress, suction and
temperature (e.g. Fredlund, 1979; Lloret and
Alonso, 1985; Sultan et al., 1997; Gatmiri, 1997).
Continuing these works to consider the effect of
chemical concentration, these surfaces are
suggested here for degree of saturation and void
ratio:
Sr

1  [a s  bs (V  p g )][1  exp(c s ( p g  p w ))]
exp( f s (C  C 0 )) exp(d s (T  T0 ))
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(39)

(1  e0 ) exp[ce (T  T0 )]

V  p g pg  pw
V  p g RT (C  C 0 ) 1m
⎛ V  pg
⎞
exp⎜⎜[ae (
)  be (1 
)(
)  d e (1 
)(
)] / K b (1  m) ⎟⎟
p atm
p atm
Vc
Vc
p atm
⎝
⎠

1

(40)
Where V is the mean stress, Vc preconsolidation
stress, T0 initial temperature, C0 initial
concentration, Kb, m, ae, be, ce, de, as, bs, cs, dsand
fs are the parameters of void ratio and degree of
saturation state surfaces. Figure 1 shows an
example of void ratio surface in the case where
the mean stress and the temperature have been
fixed hence void ratio is function of suction and
concentration of chemical species.
We assume consistency and convergence of
finite element discretization in space
(Zienkiewicz and Taylor, 1989). The
formulation outlined above has been
discretized in order that it can be used in
the finite element analysis. The weighted
residual method with the Galerkin choice of
weighted functions was applied for spatial
discretization of domain W. Terms involving
second spatial derivatives are transformed by
means of Gauss’s theorem. In this discretization
conveniently the same element shape functions
are used for all variables, though not necessarily
identical interpolations, especially when
approaching the undrained limit state (e.g.
Zienkiewicz et al. 1990).
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The single-step integration (q method) was used
for time discretization. The global matrix form of
equations was encoded and solved in finite
element program. FEM is not locally mass
conservative. In this paper, convective velocity in
unsaturated media is small so using a fine mesh,
the error in mass conservation is small and can be
neglected.

gas pressure terms of coupling are:

>K @ ∫ (N) D
>K @ ∫ (N) D

2p

(N )d:

2p c

(N )d:

2T

(N )d:

T

gw

:

T

gg

:

>K @ ∫ (N) D
>K @ ∫ (N) D
T

gT

(45)

:

T

gs

2c

(N )d:

:

and

>C @ ∫ N
>C @ ∫ N

The final matrix form is as follows:
[C w ] [C g ] [C T ] [C s ] ⎤ ⎧^u&`⎫
⎡ [ R]
⎢[C ] [C ] [C ] [C ] [C ]⎥ ⎪ & ⎪
ww
wg
wT
ws ⎥ Pw
⎢ wu
⎪ ⎪
⎪
⎢[C gu ] [C gw ] [C gg ] [C gT ] [C gs ]⎥ ⎪
⎨ P&g ⎬
⎥⎪ & ⎪
⎢
⎢[C Tu ] [C Tw ] [C Tg ] [C TT ] [C Ts ] ⎥ ⎪ T ⎪
&
⎢ [C su ] [C sw ] [C sg ] [C sT ] [C ss ] ⎥ ⎪
⎭
⎦⎩ C ⎪
⎣
[0]
[0]
[0]
[0] ⎤ ⎧^u`⎫
⎡[0]
⎢[0] [ K ] [ K ] [ K ] [ K ]⎥ ⎪ ⎪
ww
wg
wT
ws ⎥ Pw
⎢
⎪ ⎪
⎪
⎪
 ⎢[0] [ K gw ] [ K gg ] [ K gT ] [ K gs ]⎥ ⎨ Pg ⎬
⎥⎪ ⎪
⎢
⎢[0] [ K Tw ] [ K Tg ] [ K TT ] [ K Ts ] ⎥ ⎪ T ⎪
⎢[0] [ K sw ] [ K sg ] [ K sT ] [ K ss ] ⎥ ⎪
⎪
⎦⎩ C ⎭
⎣

T

(c gu  a f 3 (1  n ) m T )d:

T

c gw Nd:

gu

:

gw

:

(41)

^F& `⎫

⎧
⎪
⎪
⎪
⎨
⎪
⎪
⎪
⎩

V

Fw
Fg
FT
Fs

>C @ ∫ N
>C @ ∫ N

T

c gg Nd:

T

c gT Nd:

gg

gT

⎪
⎪
⎪
⎬
⎪
⎪
⎪
⎭

(46)

:

:

>C @ ∫ N c Nd:
^F `  ∫ N q d*  ∫ N
T

gs

gs

:

T

g

g

*

T

(D 2w )Zd:

:

in which mechanical terms of coupling are:
thermal terms of coupling are:

>R @ ∫ B T DBd:
:

>C w @ ∫ B T FNd:
:

>C @ ∫ B

T

g

(42)

(m - F)Nd:

:

>C T @ ∫ B T C T Nd:
>C c @ ∫ B

Tg

L c Nd:

:

>KTT @ ³ (N )T )[(T  T0 )(-Cpw U w DTwc  Cpv U w DTv
:

>K ww @ ∫ (N) T D p (N)d:

 C pc M cCDTwc )  h fg DTv U w  O ](N )d:

:

T

(47)

 h fg K g / J g ](N )d:

water pressure terms of coupling are :

wg

)[(T  T0 )(-Cpw U w DUw  C pv U w DUv

 K g (C pa U a  C pv U v ) / J g  C pc M cCDUw )  h fg DUv U w

:

>K @ ∫ (N)

T

:

^FV ` ∫ N T V d*  ∫ N T b& d:
*

:

 C pc M cCDUw )  h fg DUv U w ](N )d:

>K @ ³ (N )

:

T

>KTw @ ³ (N )T [(T  T0 )(Cpw U w DUw  Cpv U w DUv

D pc (N )d:

(43)

:

>K wT @ ∫ (N) T D T (N)d:

>KTs @ ³ (N )T )[(T  T0 )(-Cpw U w Dcw
:

 C pc M c (CDcw  TDduff ))](N )d:

:

>K ws @ ∫ (N) T D c (N)d:

and

:

>CTu @ ³ N T (cTu  c f 4 (1  n)mT )d:
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and

:

>C wu @ ∫ N T (c wu

>CTw @ ³ N T cTw Nd:

 b f 1 (1  n ) m T )d:

:

:

>C ww @ ∫ N

T

>C @ ³ N

c ww Nd:

Tg

wg

T

c Tg Nd:

:

:

>C @ ∫ N

T

>CTT @ ³ N T c TT Nd:

c wg Nd:

:

:

>C wT @ ∫ N T c wT Nd:

(44)

:

>CTs @ ³ N T cTs Nd:
:

>C ws @ ∫ N T c ws Nd:

^FT `  ³ N T qh d*  [(T - T0 )(C pw U w K w

^Fw `

 K g (C pa U a  C pv U v )  C pc M c CK w )  h fg U v K g ]Zd:

:

 ∫ N T ( q w  q v )d*  ∫ N T (D w )Zd:
*
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:

(48)

*
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Metal cell

sample

Thermocouple
14.6 cm

Heat source

Porous stone

15. cm

Fig. 2 Schematic diagram of heat transfer cell (Villar et al., 1993)

chloride transport and soil/solute interaction in
unsaturated media are presented here.

and chemical terms of coupling

>K sw @ ∫ (N )

T

D 3p (N )d:

T

D 3pc (N )d:

:

>K @ ∫ (N )
sg

:

>K sT @ ∫ (N )

T

Heat transfer

(49)

D 3T (N )d:

:

>K ss @ ∫ (N ) T D 3c (N )d:
:

and :

>C su @ ∫ N T (c su  CS r (1  n))d:
:

>C sw @ ∫ N T c sw Nd:
:

>C @ ∫ N

T

sg

c sg Nd:

:

>C sT @ ∫ N

T

(50)

c sT Nd:

:

>C ss @ ∫ N T (T  c ss ) Nd:
:

^Fs ` ∫ N T qTc d*  ∫ N T (CK w )Zd:
*

:
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For further details, see Ghasemzadeh (2006).
Application and results
Above theories of Thermo-Hydro-ChemoMechanical coupling have been applied in twodimensional finite element code. The objective of
this section is the verification of above
formulation and code to estimate thermal
transport and solute transport in soil. One heat
transport and two examples containing sodium
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In the first example, the thermo-hydraulic
behaviour of undeformable partially saturated
soils will be verified. Results of the application of
this model to a laboratory test by Villar et al.
(1993) is presented hereafter. The required
parameters have been determined from
experimental results and are as the following:
A montmorillonite clay sample has been
uniaxially compacted in a stainless steel cell
which has a height of 14.6 cm and an inner
diameter of 15 cm to a dry density of 1.62 g/cm3.
A heater has been placed at the center of the
upper part of the cylinder and heated up to
100°C. Nine thermocouples measure the
temperature distribution at different levels. The
temperature along the external boundary of the
cell is kept constant, about 25-30°C, by a warm
shower. At the end of each test, the sample has
been taken out and cut, in order to measure the
water content and dry density. The overall
configuration is shown in Fig. 2. All dimensions
are in cm. Since the finite element package is
written under assumption of plain strain, a
vertical section of cylindrical cell is considered.
The finite element mesh used in this application
is four nodes isoparametric elements. There isn’t
solute transfer in this example so the solute
concentration is zero for all nodes. The
following boundary conditions are chosen
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Table 1 Physical characteristics of the medium
Properties

Unit

Initial degree of saturation

3

0.5

3

3

Sr Cm /Cm )

Porosity

n Cm /Cm )

0.73

Density of grain

U kg/m)

2780

Calorific capacity of soil grain

C ps (J/kg°C)

800

Calorific capacity of water

C pw (J/kg°C)

4180

Calorific capacity of vapour

C pv (J/kg°C)

1870

Calorific capacity of air

C pg (J/kg°C)

1000

3

Thermal conductivity of soil grain Os (W/m°C)

0.9

Thermal conductivity of water

Ow (W/m°C)

0.6

Thermal conductivity of gas

Og (W/m°C)

0.0258

Latent heat of evaporation

hfg(J/kg)

2.40G106

(Villar et al., 1993).

e
[1.5(
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temperature of 28°C on all nodes on the outer
boundaries of the soil sample and 100°C for
heater, all boundaries are impermeable relative to
moisture movement, all boundaries are
impermeable relative to air transfer except the
upper boundary for which a permeable boundary
is defined, the vertical displacement of the
bottom of the cell is fixed at zero and the
horizontal displacements of the lateral
boundaries are also fixed at zero. The initial
conditions are; T0 = 20°C, Sr = 0.5 and e0 = 0.73.
The initial suction is defined via the state surface
of degree of saturation by using the value of
degree of saturation. Based on experimental
works, the other parameters used in this
numerical test are chosen as noted in Table 1.
Water and gas permeability in terms of void ratio
and degree of saturation are as following (Villar
et al., 1993):
Kw

Kg

Values

3

⎛ S  0.05 ⎞
1.2 u 10 9.10 5e ⎜ r
⎟
⎝ 0.95 ⎠
3 u 10 10 J g
1.846 u 10 5

>e 1  S r @4

3

⎛ 64.15 ⎞
⎟
⎜
⎝ T  229 ⎠

m/s

(53)
Sr

1  [1.0  (2.088 u10 8 )(V  p g )]

(54)

[1  exp((2.08855 u10 4 )( p g  p w ))] exp(10 5 (T  T0 ))

At the end of the test after two hours, the
calculated results of temperature, degree of
saturation, void ratio and suction are presented in
the figure 3 to figure 6, respectively.
Experimental results are also presented in the
figure 3 to 5 with a triangle sign. A comparison
between calculated and experimental results
shows relatively good agreement.
Chloride solution transport

1.562

m/s
(51)
(52)

Void ratio and degree of saturation surface are
assumed as following:
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exp[

1.73
1
V  pg
V  p g p g  pw
)  0.15(1 
)(
)]
4
patm
patm
80 u 10
] exp[3 u 10 4 (T  T0 )]
33

The second example is validation of solute
dispersion in unsaturated medium without any
chemical reaction. For this purpose, the
experiments of Nützmann et al. (2002) on
unsaturated glass beads were used.
In these experiments, a column of 100 cm height
and 20.6 cm internal diameter filled of glass
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Fig. 5 Experimental (Villar et al., 1993) and calculated
void ratio

Fig. 3 Experimental (Villar et al., 1993) and calculated
temperature
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Fig. 4 Experimental (Villar et al., 1993) and calculated
degree of saturation

Fig. 6 Calculated suction in present study

Table 2 Physical characteristics of the medium
Properties

Unit
3

Values
3

Porosity

n

Particle density

U kg/dm)

0.347

cm/cm
3

2.57

Saturated hydrau
lic conductivity .s cm/s)

T cm/cm)

0.14

Infiltration rate

qinf cm/s)

0.009867

3

Initial sorbent concentrations (g/l)

98

0.0794

Volumetric water content

3

C

0.06
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V = 0.00987 cm/s
C0 = 1.02 g/l
6 = 0.14
Ks= 0.0794 cm/s
platinum probes elevation
z = 85 cm

platinum probes elevation
z = 50 cm

100 cm
2 G 50 elements

Z

3.32 cm

Fig. 7 Geometry of example 2
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beads has been used. The glass beads had particle
sizes ranging from 0.36 to 0.71 mm in diameter
with the properties presented in Table 2. Each
displacement experiment has been begun with a
constant water infiltration. The tracer was
injected after steady state water flow through the
column was reached; thus there is no hysteresis
problem. Experiments have been carried out for
different infiltration rates, where the calculated
molecular Peclet numbers were between
40<Pemol<600, indicating that mass flux was
dominated by dispersion with negligible
diffusion (Pfannkuch, 1963; Van Genuchten and
Wierenga, 1976). All experiments have been
repeated three times.
Three platinum probes were placed at each depth
with an angle of 120° between them to measure
concentration. The breakthrough curves
measured at 15 cm (z=85 cm) and 50 cm (z= 50
cm) distances from the top of the column are
presented in Figure 8. The difference between
the results of different probes in the same level is
due to high fluctuation of water velocity in the
unsaturated medium (Nützmann et al., 2002).
In the numerical study, a mesh of 2 G 50
rectangular elements was used which is presented
in the figure 7. Total height is 100 cm and section
area is 100 G 3.32 cm² which is section surface
of experiment column. The tracer (Nacl) with a
concentration of 1.02 g/l was injected to the top

Hasan Ghasemzadeh

of column after a steady state infiltration of
water. The duration of the experiment was
approximately two hours and half. Longitudinal
dispersivity coefficient was considered as
(Nützmann et al., 2002):

DL

0.00395T 2.89689

(55)

The calculated breakthrough curves at z=85 cm
and z= 50 cm distances are also given in the
figure 8. At z=0.85 the concentration starts to
increase from initial value (Cs= 0.06 g/l) after
about 120seconds and it reaches to entrance
concentration (C=1.02 g/l) after about 500
seconds. At z=0.50 the concentration starts to
increase from initial value after about 450
seconds and it reaches to entrance concentration
after about 1250 seconds. We observe that these
calculated results in different depths are among
the results obtained from different probes at the
same depth. Figure 9 shows comparison of the
calculated results and average of measured tracer
breakthrough curves in each level. A good
agreement can be seen between average of
experimental results and these of numerical
simulations.
Solute transfer and soil deformation
Soil deformation due to solute transfer in
unsaturated medium is presented in this example.
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Concentration (g/l)
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0.4
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Fig. 8 Measured tracer breakthrough curves in unsaturated glass beads for different probes from Nützmann et al. (2002)
and results of present study.

1.2

Concentration(g/l)
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z= 85 average
of 3 probes
0.8

z= 50 average
of 3 probes

0.6
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Fig. 9 Comparison of present study results and average of measured tracer breakthrough curves in unsaturated glass beads
from Nützmann et al. (2002).

C = 100 mol/m3
Solute source

0.5 cm

D =5.02 G 10Ͳ10 m2/s
x

Pw =Ͳ50 kPa
30 cm

60 elements

(5 G 5 mm2)

Fig. 10 Geometry of example 3
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Table 3 Physical characteristics of the soil and solute
Properties

Unit

Values

Hydraulic Conductivity

K (m/s)

1 G 10-12

Porosity

n cm3/cm3)

0.33

Initial degree of saturation

Sr

0.60

Temperature

7 qC

20

Solute dispersion Coefficient

D  m 2/c)

5.02G 10-10

Molecular mass of solute

M gr/mol)

58.5

Bulk density

U kg/dm3)

1.5

Osmotic Efficiency

Z

0.3

An unsaturated specimen with constant osmotic
efficiency equal to 0.3 is subjected to solute
transfer. Solute source was placed in the right
boundary of the soil sample with 30 cm width
and 0.5 cm height. The mesh consists of 60 fournode elements (Figure 10). We suppose that there
is no solute sorption therefore only the solute
transfer is considered. The concentration of
solute in the right boundary is 100 mol/m3. Initial
water pressure and initial air pressure are -50 kPa
and zero, respectively. All nodes were restricted
against vertical displacement . all nodes can
move horizontally except nodes on left boundary.
Boundary conditions for the problem are shown
in Figure 10. Soil and solute characteristics are
presented in Table 3. Void ratio and degree of
saturation surface equations are as followings:
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e

Sr

1.49 exp[.9 u 106 (T  T0 )]
1
V  pg
V  p g p g  pw ⎤
⎡
)  0.1(1 
)(
)]
⎥
⎢[0.1(
80 u 104
patm
patm
⎥
exp⎢
⎥
⎢
25
⎥
⎢
⎣
⎦
1  [1.0  (2 u10 8 )(V  p g )]

(56)

(57)

[1  exp(10 5 ( p g  p w ))] exp(10 5 (T  T0 ))

Concentration of dissolved solute in water is
presented in Figure 11. At source point (x=30
cm), concentration is always equal to 100 mol/m3
and concentration of the other points reach to this
value after about ten years. For a given time,
concentration increases sharply near by source
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point and it increases more slowly far from
source point. The further the distance from source
point, the later the concentration increases. For
example, concentration at x=20 cm reaches to 60
mol/ m3 after one year, while at x=0, it lasts more
than three year for reaching to this concentration.
Degree of saturation and water pressure in
different distance are presented in Figure 12 and
Figure 13, respectively. These figures show that
there is a flow of water toward source of solute
while there is solute flow toward the other end of
specimen. Figure 13 shows increase of water
pressure beside source of solute (x=30, x=25,
x=20) and decrease of water pressure far from
solute source (x=0, x=5, x=10). In the beginning
of diffusion, solute concentration is high near the
source and it is low far from this region. Having
equal free energy of solution in different points of
specimen, water moves toward solute source
therefore degree of saturation increases in this
part of specimen. In other word, solute diffusion
generates water pressure in the medium because
of none zero osmotic efficiency.
Diffusion of solute in medium is completed after
about ten years and all nodes reach to the same
concentration. In this condition, degree of
saturation of all nodes reach to 0.60 that is initial
value and water pressure also reaches to its initial
value (Pw = 50 kPa).
Variation of water pressure results in deformation
of specimen that is presented in Figure 14 and
Figure 15. Deformation in different nodes
increases until about one year then deformation
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Fig. 11 Variation of solute concentration in different distances.
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Fig. 12 Variation of saturation degree in different distances.
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Fig. 13 Variation of water pressure in different distances.
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Fig. 14

Soil displacement in different nodes
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Soil displacement of specimen in different times
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decreases. After one year, maximum of
displacement is about 0.17 mm at x=18 cm which
is more than maximum displacement at x=30 cm
is about than 0.02 mm (Figure 15). These results
show that deformation consists of contraction
and expansion in the soil sample. This
deformation occurs due to change of suction in
nodes. As noted in Figure 12 and Figure 13, there
is movement of water toward solute source and
so decreasing of water pressure or increasing of
suction. This suction results in contraction in
points that are far from solute source. On the
other hand, in the region near the solute source
expansion occurs because of diminution of
suction due to generation of osmotic pressure in
this region.

formulation was integrated into one finite
element code. Three examples were explained for
validation and application of this formulation.
The results of heat transfer and chemical species
transfer were compared with experimental ones.
The comparison of the present study results and
the experimental ones showed a good agreement.
The results show capacity of presented
formulation for simulation of heat and mass
transfer in deformable porous media. More
development can be done to model for
considering chemical reactions in this
formulation.
Nomenclature

Conclusion

VB
V
H

In this paper the transfer of heat and mass in the
deformable porous media was studied and a new
set of formulation to express heat and mass
transfer was presented. Mechanical properties
and heat/mass transfer in medium is totally
coupled trough this formulation. This

D
Pg
Pw
s
Patm
T

104

: effective stress
: total stress
: deformation tensor
: stiffness matrix
: gas pressure
: water pressure
: suction (s = Pg-Pw )
: atmospheric pressure
: temperature
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C
Mc

: solute concentration
: molar mass of contaminant
: volumetric water content
T
: pore water velocity
v
: void ratio
e
: porosity
n
: degree of saturation
Sr
: water velocity
U
Vv : vapor velocity
: hydrodynamic dispersion tensor
D
Dm : molecular diffusion coefficient
D* : effective molecular diffusion coefficient
Ddisp : mechanic dispersion coefficient
: tortuosity
W
Kb : Boltzmann constant
: longitudinal dispersion coefficient
aL
: transversal dispersion coefficient
aT
Pe : Peclet number
Ub: : aquifer apparent density
erf : error function
erfc : complimentary error function
G ij : Kronecker symbol ( ij = 1 if i=j and 0
otherwise)
: thermodynamic potential
\
\m : matrix potential
: osmotic potential
\o
: water density
Uw
: gas density
Ug
: soil density
Us
: relative humidity
h
Kw : water permeability
Kg : air permeability
hfg : latent heat
: viscosity of water
Pw
: viscosity of gas
Pg
: thermal conductivity of media
O
: thermal conductivity of water
Ow
: thermal conductivity of vapor
Ov
: thermal conductivity of air
Oa
: thermal conductivity of solute
Oc
: solubility coefficient of gas in water
H
(Henry constant)
CT : total heat capacity of media
CPw : specific heat capacity of water
CPv : specific heat capacity of vapor
CPg : specific heat capacity of gas
CPc : specific heat capacity of solute
: universal constant of gas
R
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Pos
Z

: osmotic pressure
: osmotic efficiency
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