Geotechnique

Simplified method for settlement prediction of single pile and pile group
using a hyperbolic model
Qian-qing Zhang1,*, Shu-cai Li2, Fa-yun Liang3, Min Yang4, Qian Zhang5
Received: February 2013, Revised: October 2013, Accepted: November 2013

Abstract
A simplified approach for nonlinear analysis of the load-displacement response of a single pile and a pile group is
presented using the load-transfer approach. A hyperbolic model is used to capture the relationship between unit skin friction
and pile-soil relative displacement developed at the pile-soil interface and the load-displacement relationship developed at the
pile end. As to the nonlinear analysis of the single pile response, a highly effective iterative computer program is developed
using the proposed hyperbolic model. Furthermore, determinations of the parameters related to the hyperbolic model of an
individual pile in a pile group are obtained considering interactions between piles. Based on the determinations of the
parameters presented in the hyperbolic model of an individual pile in a pile group and the proposed iterative computer
program developed for the analysis of the single pile response, the conventional load-transfer approach can then be extended
to the analysis of the load-settlement response of an arbitrary pile in a pile group. Comparisons of the load-settlement
response demonstrate that the proposed method is generally in good agreement with the field-observed behavior and the
calculated results derived from other approaches.
Keywords: Single pile, Pile group, Skin friction, End resistance, Settlement, A hyperbolic model.

1. Introduction
A number of theoretical methods have been used for
the analysis of a single pile, including the theoretical loadtransfer curve method (Kraft et al. [1]; Zhang et al. [2]),
the shear displacement method (Randolph and Wroth [3];
Guo and Randolph [4]), the finite-element method (Tosini
et al. [5]), and other simplified analytical methods (Castelli
and Motta [6]; Zhang and Zhang [7]).
In most of the available prediction approaches, the pile
group settlement is related to the settlement of a single pile.
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However, the mechanism of load transfer in pile group
is different from that in a single pile due to interaction of
piles, surrounding soils and pile cap.
The interactive effects between piles should be taken
into account when the calculated approaches for the single
pile response are extended to the analysis of the behavior
of pile group. To account for the interaction between piles,
the interaction factor defined for two equally loaded
identical piles as the ratio of the increase in settlement of a
pile due to an adjacent pile to the settlement of a single
pile due to its own load was first introduced by Poulos [8],
who showed that pile group effects can be assessed by
superimposing the effects of two pile. Numerous
subsequent studies (Lee [9]; Comodromos and Bareka
[10]; Zhang et al. [2]) have been conducted using the
simplified concept of interaction factors. It has been
recognized that the conventional interaction factor
approach tends to exaggerate the interactive effects
between piles in a group, thereby leading to an
overestimation of the pile settlement, as reported by
Mylonakis and Gazetas [11], and Chen et al. [12].
Therefore, for the further prediction of pile group
settlement, it is necessary to revisit the interaction factor
problem between two vertically loaded piles. However, it
is rather unlikely that the two-pile interaction factor
approach will be readily applied to the problems of a large
pile group due to large computational requirements.
In practical applications, the load-transfer approach
presented by Coyle and Reese [13] is an efficient method
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The load-settlement response of an axially loaded pile
depends on the compressibility of the pile, the relationship
between skin friction and pile-soil relative displacement
developed at the pile-soil interface, and the loaddisplacement response developed at the pile tip soil. In this
paper, the soil continuum is idealized as a number of
separate horizontal layers, each with its own load transfer
curve. The pile is then idealized as a series of elastic
elements supported by discrete vertical springs at the ends
of each pile segment, which represent the skin resistance
along the pile-soil interface, and a spring at the pile tip
representing the end-bearing resistance of the soil (see Fig.
1). In order to account for non-linearity in the stress-strain
response of soil, the load-displacement response of both
the pile base and the shaft are taken to be hyperbolic (see
Figs. 2 and 3, respectively). To define the shaft response,
the ultimate unit skin friction and the initial gradient of the
response are required, whereas the ultimate unit end
resistance and the initial gradient of the base response are
required to assess the load-displacement response of the
pile base.

Pt

Pt
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for single-pile analysis. In this method, the load-transfer
functions are required to describe the relationship between
the mobilized unit skin friction and the pile movement.
Such a load-transfer function concept was first developed
by Seed and Reese [14], after which many other
researchers (Kezdi [15]; Armaleh and Desai [16];
Hirayama [17]; Lee and Xiao [18]; Zhang and Zhang [7])
proposed various forms of load-transfer functions. To
account for the non-linearity in the stress-displacement
response of soil, a hyperbolic model is commonly used to
capture the relationship between unit skin friction and pilesoil relative displacement developed along the pile-soil
interface and the load-displacement relationship developed
at the pile end (the capability of the hyperbolic model will
be demonstrated in a later section). However, the
conventional load-transfer approaches are rather difficult
to extend to the analysis of a pile group.
To provide a rapid predication of the response
characteristics of a single pile and a pile group, a
hyperbolic model is adopted to simulate the loaddisplacement response of both the pile base and the shaft.
Based on the proposed hyperbolic model, a highly
effective iterative computer program is developed for the
nonlinear analysis of the response of a single pile and an
arbitrary pile in a pile group. Two well-documented field
test results and the calculated results derived from other
approaches will then be investigated to verify the
efficiency and accuracy of the present method for the
analysis of the response of a single pile and a pile group.
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Fig. 3 Observed and theoretical relationship between τb/τbu and
Sb/Sbu for piles
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2.1. Hyperbolic model of skin friction
To verify the reliability of the hyperbolic model of skin
friction, results of the load tests on 7 instrumented piles
conducted by Yang et al. [19], and Zhang et al. [20, 21]
are adopted, as shown in Fig.2. Brief descriptions of the 7
test piles are given in Table 1. In Fig. 2, the measured
results of skin friction can be calculated by dividing the
difference of two consecutive axial forces by the pile shaft
area between the two groups of strain gauges. As to the
measured pile-soil relative deformation, an assumption is
made herein that pile-soil relative slip does not occur for
practical purposes, and the displacement of the soils
around pile is assumed to be identical to the pile shaft

Reference

Pile No.

Pile type

Yang et
al. [19]

PJ1

Jacked steel H-pile

PD2

Driven steel H-pile

S1

Bored pile

S2

Bored pile

S3

Bored pile

S1#

Bored pile

S3#

Bored pile

Zhang et
al. [20]

Zhang et
al. [21]

i

Lj

j 1

2

Ss i  S t  



j

  j 1 

Table 1 Brief details of test piles
Soil distributed along pile

(1)

Pile length (m)

Pile diameter (m)

Fill, alluvium and completely decomposed granite

40.9

/

Fill, alluvium and completely decomposed granite
Silt, clay, silty sand with silty clay, completely
decomposed bedrock, highly decomposed bedrock,
and moderately decomposed bedrock
Silt, clay, clay with silty clay, completely
decomposed bedrock, highly decomposed bedrock,
and moderately decomposed bedrock
Silt, clay, clay with silty clay, completely
decomposed bedrock, highly decomposed bedrock,
and moderately decomposed bedrock
Clay, muddy clay, fine sand with mud, mud, fine
sand, gravel, silty clay, completely decomposed
diorite, highly decomposed diorite, and moderately
decomposed diorite
Clay, muddy clay, fine sand with mud, mud, fine
sand, gravel, silty clay, completely decomposed
diorite, highly decomposed diorite, and moderately
decomposed diorite

39.6

/

119.9

1.1

88.2

1.1

88.4

1.1

109.7

1.1

103.7

1.1

where Lj is the length of pile segment j; St is the pile
head settlement, which can be derived from the dial
gauges installed at the pile top; and εj is the strain of the
reinforcing steel bar located at pile section j, which is
obtained using the strain gauges attached to the steel rebar.
Fig. 2 contains 808 data points and presents the
observed relationship between the unit skin friction and
the pile-soil relative displacement with the unit skin
friction, τs, normalized by the limiting unit shaft resistance,
τsu, and the measured pile-soil relative deformation, Ss,
normalized by the measured pile-soil relative displacement
at the ultimate skin friction, Ssu.
It is well known that the relationship between the skin
friction and the corresponding shear displacement follows
a softening model when the skin friction is fully
mobilized. However, Fig.2 suggests that a hyperbolic
model can be used to approximately simulate the
relationship between τs/τsu and Ss/Ssu irrespective of soil
types, stratigraphy, and loading procedure, and has a high
accuracy (R2=0.8376).
The relationship between unit skin friction and its
corresponding shear deformation can be approximated by
a hyperbolic equation having the following form (see
Fig.2):
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displacement. The measured data derived from the strain
gauges can reflect the differences between the
displacement of the soils around pile and the pile
displacement. Therefore, the pile displacement at a given
depth derived from equation (1) can be called the pile-soil
relative displacement. Actually, the measured pile-soil
relative displacement at a given depth is the pile
displacement at that depth. It is commonly used equation
(1) to estimate the relative displacement between soil and
pile segment i, Ssi, in practical applications (Zhang et al.
[22]):

s 

Ss
a  bSs

(2)

where a and b are empirical coefficients; Ss is the
relative displacement along the pile-soil interface; and τs is
the shaft shear stress. The physical meaning and
determination of the parameters a and b will be discussed
later.
As to the shear displacement method, an assumption is
made that slip does not occur at the pile-soil interface, and
the displacement of the soils around pile is assumed to be
identical to the pile shaft displacement. Therefore, the pile
shaft displacement induced by the shaft shear stress can be
calculated with the elastic solution as suggested by
Randolph and Wroth [3]:

Ss 

 s r0
Gs

r 
ln  m 
 r0 

(3)

where Gs is the soil shear modulus; r0 is the pile radius;
and rm is the radial distance from the pile center to a point
at which the shaft shear stress induced by the pile can be
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negligible.
For the pile embedded into multilayered soils, the
value of Gs can be calculated by:
ns

G

Gs 

i 1

hi

si

(4)

L

where Gsi is the shear modulus of soil layer i around
pile; hi is the thickness of soil layer i; L is the pile length;
and ns is the number of soil layer.
According to Randolph and Wroth [3], in homogenous
soils the value of rm can be taken as:

rm  2.5 L 1  s 

(5)

where υs is the Poisson’s ratio of soil around pile.
In arbitrarily layered soils, a modified expression for rm
can be written as follows:

rm  2.5 L  m 1  sa 

(6)

where ρm is the modified inhomogeneity factor; and υsa
is the average value of the Poisson’s ratio of soils around
pile. The values of ρm and υsa can be calculated in the
following forms, respectively:
ns

m 

G h

si i

i 1

sa 


i 1

si

hi

(8)

L

s
Ss



Gs
r 
r0 ln  m 
 r0 

(9)

Therefore, the value of a can be obtained using the
following equation:

a

(11)

The values of Rsf are found to be in the range 0.8 to
0.95 as suggested by Clough and Duncan [23].
In the analytical approach, the limiting unit skin
friction τsu is commonly determined based on a formula
using soil parameters derived from both laboratory and in
situ tests. The effective stress method is employed to
predict τsu in the drained condition. The following equation
can be used to calculate the value of τsu:

 su  K v' tan 

(12)

where K is the lateral earth pressure coefficient; σ'v is
the effective overburden pressure at the depth under
consideration; and δ is the friction angle of the pile-soil
interface. For practical purposes, it is commonly assumed
to be equal to the angle of shearing resistance of the
surrounding soil, φ. The value of K depends on various
factors including soil state, pile installation method, and
pile geometry, and is related to the in situ earth pressure
coefficient, K0, whose value is approximately estimated by
K0=1-sinφ. Therefore, equation (12) can be written in
another form (Yang et al. [19]):

    '
 K 
 tan      vz
 K0 
   

 su  K 0 

where Gsm is the maximum shear modulus in the soil
layers; and υsi is the Poisson’s ratio of soil layer i around
pile.
The spring stiffness of soils around pile, ks, can be
calculated by:

ks 

 su  Rsf f

(7)

Gsm L
ns

slightly greater than the maximum possible value at the
pile-soil interface, τsu. It is convenient to express τf in
terms of τsu by means of a failure ratio, Rsf, as in the
following:

1 r0  rm 
 ln  
ks Gs  r0 

(13)

Suggested values of lateral earth pressure coefficient,
K, and friction angle of the pile-soil interface, δ, are
summarized in Table 2.
The value of b can then be calculated by:

b

1

 sf



Rsf

 su



Rsf
    '
 K 
K0 
 tan      vz
 K0 
   

(14)

2.2. Hyperbolic model of end resistance
Results of the load tests on 14 instrumented piles (Ji
and Feng [29]; Bi et al. [30]; Zhang et al. [31]; Yang et al.
[19]; Yao et al. [32]; Cheng et al. [33]) are used to assess
the reliability of the hyperbolic model of end resistance, as
shown in Fig.3. Brief descriptions of the 14 test piles are
given in Table 3.

(10)

The reciprocal of coefficient b can be taken as the unit
skin friction at a very large value of the pile-soil relative
displacement. This asymptote shaft resistance, τf, is
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Table 2 Suggested values of K and δ

Suggested values
of K and δ

Pile-soil condition
Smooth steel pipe piles, H-piles or concrete piles (Smalldisplacement piles)
Smooth steel pipe piles, H-piles or concrete piles (Large
displacement piles)
Driven or jacked open-ended steel pile piles,
Normally consolidated soil
Driven or jacked open-ended steel pile piles, Overconsolidated clay
Driven steel pile, Alluvium and completely decomposed granite
Smooth steel pipe piles or H-piles
Smooth concrete piles
Pipe pile, Dense sand
Concrete pile, Clay and silt
Driven pile, Sand
Driven steel pile, Alluvium and completely decomposed granite

K/K0=0.7-1.2
K/K0=1.0-2.0
K/K0=1.0
K/K0=1.0-4.0
K/K0=1.2-1.5
δ=(0.5-0.7)φ
δ=(0.8-1.0)φ
δ=29.4°
δ=(21.3-31.6)°
δ=(28-30)°
δ=(0.7-0.9)φ

Reference

Pile No.

Pile type

Ji and Feng [29]

2

Bored pile

1

Bored pile

2

Bored pile

SZ1
SZ2

Yang et al. [19]

Yao et al. [32]
Cheng et al. [33]

Table 3 Brief details of test piles
Soil at pile base

Bored pile
Bored pile

Limestone
Middle-sized coarse sand and
cobblestone
Middle-sized coarse sand and
cobblestone
Gravel
Clay

PD2

Driven steel H-pile

Completely decomposed granite

PD7

Driven steel H-pile

PJ1
PJ6
PJ7
y1
S1
SZ4
N3

Jacked steel H-pile
Jacked steel H-pile
Jacked steel H-pile
Bored pile
Bored pile
Bored pile
Bored pile

Bi et al. [30]

Zhang et al. [31]

Sb
f  gS b

(15)

where f and g are empirical coefficients, whose values
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Kulhawy [24]
Kulhawy [24]
Miller and Lutenegger [25]
Miller and Lutenegger [25]
Yang et al. [19]
Kulhawy [24]
Kulhawy [24]
O’Neill and Raines [26]
Liu and Zhu [27]
Jardine et al. [28]
Yang et al. [19]

Pile length (m)

Pile diameter (m)

81.5

1.0

110

2.5

110

2.5

76.2
59.3

0.8
0.8

39.6

/

45.1

/

40.9
39.0
40.5
70
84
125
76

/
/
/
2.0
1.5
2.5
1.5

Completely to highly decomposed
granite
Completely decomposed granite
Completely decomposed granite
Completely decomposed granite
Moderately decomposed mud rock
Fine sand
Fine sand
Coarse sand

Fig.3 contains 108 data points and presents the
observed relationship between the unit end resistance and
the pile base displacement with the unit end resistance, qb,
normalized by the ultimate unit end resistance, qbu, and the
measured pile end deformation, Sb, normalized by the
measured pile base displacement at the ultimate end
resistance, Sbu.
Fig.3 suggests that a hyperbolic model can be used to
describe the relationship between qb/qbu and Sb/Sbu
irrespective of soil types, stratigraphy, and loading
procedure, and has a high accuracy (R2=0.8121).
A hyperbolic model can be used to describe the
relationship between unit end resistance and pile base
displacement. This hyperbolic relationship can be
described by the following equation (see Fig.3):

qb 

Reference

will be discussed later; Sb is the pile base load; and qb is
the unit end resistance;.
In the hyperbolic model of the soil below the pile base,
the parameters f and g are required to define the loaddisplacement response at the pile end. The value of the
initial gradient of the base response, kb, may be
conveniently expressed using the following equation as
suggested by Randolph and Wroth [3]:

kb 

is:

4Gb
 r0 1  b 

(16)

The value of f can be taken as the reciprocal of kb. That

f 

1  r0 1  b 

kb
4Gb

(17)

where Gb and υb are the shear modulus and Poisson’s
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ratio of the soil below the pile base, respectively.
The reciprocal of coefficient g can be taken as the unit
end resistance at a very large value of the pile base
deformation. One obtains:

g

R
1
 bf
qbf qbu

(18)

where Rbf is a failure ratio of end resistance.
The ultimate unit end resistance, qbu, can be calculated
in the following form:
'
qbu =N q vb

(19)

where Nq is a bearing capacity factor, whose value can
be determined by its relationship with the angle of
shearing resistance of the surrounding soil, φ; and σ'vb is
the vertical effective overburden pressure at the pile base.
2.3. Algorithm for load-settlement analysis of a single pile
embedded in layered soils
Based on the proposed hyperbolic models, the
theoretical method for a single pile embedded in
multilayered soils can be analyzed with the following
procedure.
(1) Assume a single pile is divided into n segments
from the pile head to the pile end.
(2) Assume a small pile end settlement, Sbn.
(3) Calculate the mobilized pile base load, Pbn, using
equation (15) and the assumed pile base displacement, Sbn.
(4) A vertical movement, Scn, at the middle height of
pile segment n is assumed (for the first trial, assume
Scn=Sbn). Based on the load transfer function as given in
equation (2), the unit skin friction of pile segment n, τsn,
can be obtained using the assumed value of Scn.
(5) The load at the top of pile segment m, Ptm, can then
be calculated as:

Ptn  Pbn   dLn sn

(20)

where d is the pile diameter; and Ln is the length of pile
segment n.
(6) Assuming a linear variation of load in the pile
segment n, the elastic deformation at the midpoint of pile
segment n, Scn, can be calculated by:

P P
  0.5Ln 
Scn   tn bn  Pbn  

2

  2 Ep Ap 

(21)

(7) The updated midpoint displacement of segment n,
S'cn, can be written as:

Sc' n  S bn  Scn

(22)

(8) Compare the updated midpoint displacement S'cn

with the assumed value of Scn from step 4. If the computed
displacement S'cn does not agree with Scn within a specified
tolerance, e.g., 1×10-6 m, use S'cn as the new value of Scn.
Repeat steps 4 to 8 until the value of (Scn-S'cn) is within the
assumed tolerance.
(9) Calculate the load and displacement at the top of
pile segment n, Ptn and Stn, respectively, using the
following form:

S tn  S bn  S c' n

(23)

Ptn  Pbn   dL 

'
n sn

(24)

where τ'sn is derived from equation (2) and an updated
midpoint displacement, S'cn.
(10) Repeat steps 4 to 10 from pile segment n to pile
segment 1 until the load-settlement relationship developed
at the pile head is obtained.
(11) The procedure from steps 2 to 10 is then repeated
using a different assumed pile end settlement, Sbn, until a
series of load-displacement values are obtained.
The proposed simple analytical approach is economical
and efficient, and suitable for the analysis of a single pile
using different forms of load-transfer functions.

3. Case Studies on Single Pile Response
Two case histories reported in literature (O’Neill et al.
[34]; Briaud et al. [35]) performed on single pile are used
to check the reliability of the previously proposed method
for the analysis of the load-settlement response of a single
pile.
3.1. Case one
The first case history analyzed, regarding the loading
test, was reported by O’Neill et al. [34] on a closed-ended
steel pipe pile in stiff overconsolidated clays. The pile had
an external radius of 137 mm with a wall thickness of 9.3
mm, and was driven to a penetration of 13.1 m. Nine of the
piles were installed in a 3×3 configuration with a centerto-center spacing r=3d, while each of the two remaining
piles were located some 3.7 m from the center of the group
on opposite sides of the group. The nine-pile group was
connected to a rigid reinforced concrete block. The two
single piles and the nine-pile group were loaded to failure
after the final nine-pile test, a five-pile subgroup and a
four-pile subgroup were tested.
According to the soil properties evaluated by back
analysis (Castelli and Maugeri [36]), the soil compression
modulus back calculated from the test results was taken as
195 MPa, the ultimate end bearing capacity was 130 kN,
and the elastic modulus for the steel pipe pile was adopted
as 210 GPa. A linearly increasing undrained shear strength
profile was considered. The unit shaft resistance was
assumed to be 19 kPa at the surface increasing linearly to
93 kPa at the pile base.
In the analysis of the response of a single pile, the
single pile is divided into 13 segments with each pile
segment of 1.0 m in length, except of the pile end segment
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Fig. 4 Calculated value of limiting unit skin friction of soils
around each pile segment

Comparisons between the measured single pile loadsettlement curve given by O’Neill et al. [34] and the
computed single pile response derived from the present
method and the approach presented by Castelli and
Maugeri [36] are shown in Fig. 5.

Pile head settlement (mm)

0

0

100

200

Pile head load (kN)
300 400 500 600

700

3, 4, 2, 1

3
4
5
6
7
8

Measured value (O'Neill et al. [34])
Calculated value (Castelli and Maugeri [36])
Calculated value derived from the present method
1: Rsf=0.80, Rbf=0.90
2: Rsf=0.90, Rbf=0.90
3: Rsf=0.95, Rbf=0.90

4: Rsf=0.90, Rbf=0.95

Fig. 5 Measured and calculated load-settlement curves at the pile
head of a single pile

Fig. 5 shows that at low loading level, the loaddisplacement curve at the pile head plotted from the
152

The second case history analyzed, regarding the
loading test, reported by Briaud et al. [35] was performed
on a five-group in a medium dense sand together with a
control single pile as a reference. The 9.15-m-long piles
were closed-ended steel pipe piles, and had 273 mm in
outside diameter and 9.3 mm in wall thickness. The five
piles were connected by a rigid reinforced concrete cap
with a center-to-center spacing r=3d. A value of 38.3 MPa
was reported for the shear modulus of the dense sand and
the elastic modulus for the steel pipe pile was taken as 210
GPa (Briaud et al. [35]). As suggested by Castelli and
Maugeri [36], at this test site, the analysis of the single pile
behavior was conducted considering a linearly increasing
unit skin friction ranging from zero at the ground surface
up to 45 kPa at the pile base, and the ultimate end bearing
capacity was 120 kN.
In the analysis of case two, the single pile is divided
into 10 segments with each pile segment of 1.0 m in
length, except of the pile end segment where the pile
segment length is assumed to be 0.15 m. In practice, the
ultimate unit skin friction of each pile segment can be
adopted as an average value of the limiting shaft resistance
of a recommended soil depth, as shown in Fig. 6.
d=0.273 m

800

1
2

3.2. Case two

L=9.15 m

L=13.1 m

Depth (m)
0
su=21.82 kPa
1
27.47 kPa
2
33.12 kPa
3
38.77 kPa
4
44.42 kPa
5
50.07 kPa
6
55.72 kPa
7
61.37 kPa
8
67.02 kPa
9
72.66 kPa
10
78.31 kPa
11
83.96 kPa
12
89.89 kPa
13.1

Stiff overconsolidated clay

d=0.274 m

present approach is generally consistent with the measured
results given by O’Neill et al. [34] and the calculated
values presented by Castelli and Maugeri [36]. At high
load level, the measured displacements and the calculated
values reported by Castelli and Maugeri are slightly larger
than the calculated values derived from the present
method. It also can be concluded that the pile head
displacement estimated from the present approach
increases with increasing failure ratio of skin friction, Rsf,
and end resistance, Rbf, at the same loading level.

Depth (m)
0
su=2.46 kPa
1
7.38 kPa
2
12.30 kPa
3
17.21 kPa
4
22.13 kPa
5
27.05 kPa
6
31.97 kPa
7
36.89 kPa
8
41.80 kPa
9
9.15
44.63 kPa

Medium dense sand

where the pile segment length is assumed to be 1.1 m. In
practice, the ultimate unit skin friction of each pile
segment can be adopted as an average value of the limiting
shaft resistance of a recommended soil depth, as shown in
Fig. 4. The Poisson’s ratio of the soil is adopted as 0.5.
The value of Rsf is adopted as 0.80, 0.90 and 0.95 for the
whole deposit, respectively, whereas the value of Rbf is
assumed to be 0.90 and 0.95 for the soil below the pile toe,
respectively. The values of a and b are calculated using
equations (10), and (14), respectively, while the values of f
and g can be computed by equations (17) and (18),
respectively.

Fig. 6 Calculated value of limiting unit skin friction of soils
around each pile segment

The Poisson’s ratio of the soil is adopted as 0.5. The
value of Rsf is adopted as 0.80, 0.90 and 0.95 for the whole
deposit, respectively, whereas the value of Rbf is assumed
to be 0.90 and 0.95 for the soil below the pile toe,
respectively. The values of a and b are calculated using
equations (10), and (14), respectively, while the values of f
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and g can be computed by equations (17) and (18),
respectively.
Fig.7 shows that the calculated results estimated from
the present approach is generally in good agreement with
the measured values given by Briaud et al. [35] and the
computed results suggested by Castelli and Maugeri [36].
As discussed previously, the pile head displacement
estimated from the present approach increases with
increasing failure ratio of skin friction, Rsf, and end
resistance, Rbf, at the same loading level.
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Fig. 8 Interaction between two piles

Fig. 7 Measured and calculated load-settlement curves at the pile
head of a single pile

where rm is the limiting radius of influence of the
loaded pile. rm can be taken as identical to the value
adopted for a single pile, as suggested by Lee and Xiao
[18]. This is because the value of rm is only used to
calculate the potential influence of elastic soil
displacement induced by an individual pile on the nearby
piles within the influence zone. Outside rm, no pile
interaction is considered.
For a group of np piles, the vertical displacement of the
soil surrounding pile i, Ssij, induced by the shaft shear
stress of pile j, τsj (j=1 to np, and j≠i) can be written as:

4. Developing a Load-Transfer Function for a Pile
Group

Ssij 

8
10
12
14
16
18
20

3, 4, 2, 1

2: Rsf=0.90, Rbf=0.90
3: Rsf=0.95, Rbf=0.90
4: Rsf=0.90, Rbf=0.95

A hyperbolic model, general used in the analysis of the
behaviors of single piles, is extended to analyze the
response of a pile group by accounting for the interaction
between individual piles. In this work, the interactive
effects between the pile shaft and pile base are assumed to
be uncoupled, the shaft and base interactions are thereby
considered separately for individual piles in a pile group.
This simplified consideration is consistent with the hybridlayer approach as proposed by Lee [9] and the method
given by Lee and Xiao [18].
4.1. Determinations of the parameters related to the
hyperbolic model of skin friction of an individual pile in a
pile group
Consider two piles, i and j, as shown in Fig.8. Assume
the pile-soil relative slip does not occur, and the
displacement of the soils around pile is assumed to be
identical to the pile shaft displacement. Based on the
formulation presented by Randolph and Wroth [3], the
vertical displacement of the soil surrounding pile i, Ssij,
induced by the shaft shear stress of pile j, τsj, can be
written as:

Ssij 

r 
ln  m 
Gs  rij 

 sj r0

(25)

np



j 1, j  i

r 
ln  m 
Gs  rij 

 sj r0

(26)

To developing a simplified solution procedure, the
shaft shear stress at a given depth in equation (26) is
assumed to be the same for all piles in the group. The
justification of such an important simplification has been
discussed by Lee and Xiao [18]. Therefore, the variation of
spring stiffness of the soils around pile i, ksij, due to the
shaft shear stress, τsj (j=1 to np, and j≠i), can be written in
the following form (see Fig.8):

ksij 

np



j 1, j  i

Gs
r
r0 ln  m
r
 ij





(27)

The shaft shear stress of pile j, τsji, induced by the
spread of the shaft shear stress of pile i, τsi, can be
expressed by:

 sji 

 si r0
rij

(28)

For pile j, τsji can be taken as a negative skin friction
which pulls pile j down, whereas pile j generates a counter
force with the same value but opposite direction namely
τ'sij, which may reduce the vertical displacement of the soil
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around pile i. The vertical displacement of the soil
surrounding pile i, S'sij, induced by the shaft shear stress,
τ'sij, can then be calculated as:

point load decreases inversely with the radius r and is
given by (Randolph and Wroth [3]):

r
ln  m
Ss'ij 
r
Gs
 ij

Sb (r ) 

 sji r0

  si r02  rm 
ln  
 
r 
G
r
ij
s

 ij 

(29)

Following the above assumption that the shaft shear
stress, τsj, (τsj=τsi, j=1 to np) at a given depth is assumed to
be the same for all piles in the group, the vertical
displacement of the soil surrounding pile i, S'sij, induced by
the shaft shear stress, τ'sij (j=1 to np, and j≠i), can be written
as:

S 
'
sij

np
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2
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np
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kbij 

(32)

where ksii is the spring stiffness of soils around pile i
due to its own loading, which can be calculated using
equation (9).
The reciprocal of the initial elastic soil stiffness along
the pile-soil interface of an individual pile i in an np-pile
group, ag, can be written as:

ag 

1
k si

(33)

The value of parameter, bg, related to the hyperbolic
model of skin friction of an individual pile i in an np-pile
group can be taken as identical to the value of b of a
hyperbolic model of skin friction of a single pile derived
from equation (14).
4.2. Determinations of the parameters related to the
hyperbolic model of end resistance of an individual pile in
a pile group
At some distance from the pile base, the loading will
appear as a point load. The settlement, Sb(r), around a
154

1  b 
2 Gb

np



j 1, j  i

qbj
rij

(35)

where rij is the center to center distance between pile i
and pile j; and qbj is the vertical displacement developed at
the base of pile j.
The end resistance, qbj (j=1 to np), in equation (35) is
assumed to be the same for all piles in the np-pile group.
The variation of soil stiffness at the base of pile i, kbij,
induced by the end resistance, qbj (j=1 to np, and j≠i), can
be written as (see Fig.8):

The total equivalent spring stiffness of the soils around
pile i, ksi, can be expressed in the following form:

1
1
1
1


 '
ksi ksii ksij ksij

(34)

For a group of np piles, the interactive effects of the
displacement induced on the base of pile i can be
established by the principle of superposition. Thus, the
displacement at the base of pile i, Sbij(rij), induced by the
vertical load developed at the base of other (np-1) piles can
be written as:

Sbij (rij ) 

The variation of spring stiffness of soils around pile i,
k'sij, induced by the shaft shear stress, τ'sij (j=1 to np, and
j≠i), can then be written by:

ks'ij 

qb 1  b 
2 rGb

2 Gb
np

1  b  

j 1, j  i

1
rij

(36)

Thus, the total equivalent soil stiffness at the base of
pile i, kbi, can be calculated by:

1
1
1


kbi kbii kbij

(37)

where kbii is the soil stiffness at the base of pile i
induced by its own loading, which is derived from
equation (16).
The reciprocal of the initial elastic soil stiffness at the
base of an individual pile i in an np-pile group, fg, can be
calculated as:

fg 

1
k bi

(38)

The value of parameter, gg, presented in the hyperbolic
model of end resistance of an individual pile i in an np-pile
group can be taken as identical to the value of b of a
hyperbolic model of end resistance of a single pile
obtained from equation (18).
Based on the above suggested determinations of the
parameters presented in the hyperbolic model of an
individual pile in a pile group and the previously proposed
iterative computer program developed for the analysis of
Qian-qing Zhang, Shu-cai Li, Fa-yun Liang, Min Yang, Qian Zhang

the response of a single pile, the conventional load-transfer
approach can be extended to the analysis of the loadsettlement response of an arbitrary pile in a pile group.

To check the reliability of the proposed method for the
analysis of the load-settlement response of a pile group,
the approach described in this paper is applied to analyze
two field loading tests on pile groups previously reported
by O’Neill et al. [34] and Briaud et al. [35] in case one and
case two, respectively.
5.1. Case one

0
Pile group settlement (mm)
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(O'Neill et al. [34])
Calculated value
(Castelli and Maugeri [36])
Calculated value derived from the present method
Rsf=0.90, Rbf=0.90

20

The first case history was reported by O’Neill et al.
[34] on closed-ended steel pipe piles driven in stiff
overconsolidated clays as previously descried. In the
analysis of the response of a pile group, the Poisson’s ratio
of the soil is adopted as 0.5. The values of Rsf and Rbf are
adopted as 0.90 for the whole deposit around pile shaft and
the soil below the pile toe, respectively. The values of ag
and bg are calculated using equations (33) and (14),
respectively, while the values of fg and gg can be computed
by equations (37) and (18), respectively. The loadsettlement responses of the four-pile group and the ninepile group can be calculated using the parameters ag, bg, fg
and gg of the hyperbolic model of an individual pile in a
pile group and the previously proposed iterative computer
program developed for the analysis of a single pile
response.
Fig.9 compares the measured load-average settlement
behavior of the nine-pile group and four-pile subgroup
with the computed values. At low loading level, very good
agreement between the measured values given by O’Neill
et al. [34], the computed results suggested by Castelli and
Maugeri [36], and the calculated results estimated from the
present approach is generally observed. At about one-half
of the ultimate load, the results predicted by the proposed
method are slightly larger than the observed behavior and
the computed values given by Castelli and Maugeri.

0

Pile group settlement (mm)

5. Case Studies on Pile Group Response

0

0

Total load of pile group (MN)
1
2
3

Fig. 9 Measured and calculated load-settlement curves at the pile
head of the four-pile subgroup and the nine-pile group connected
to a rigid reinforced concrete block

Comparing field test results in terms of pile head
settlements, it is observed a general increasing of pile
group settlements with respect to the case of single pile.
The ratio between measured single pile and pile group
settlement generally ranges around the average value of
0.80 for the case of four-pile subgroup and 0.62 for the
case of nine-pile group (O’Neill et al. [34]). However, the
ratio of calculated single pile to pile group settlement
derived from the present method (Rsf=0.90 and Rbf=0.90)
generally ranges around the average value of 0.55 and 0.45
for the case of four-pile subgroup and the case of nine-pile
group, respectively (see Figs.5 and 9).
Table 4 shows the distribution of pile loads, predicted
by the present method (Rsf=0.90, and Rbf=0.90), at the
centre, edge, and corner piles at different loading levels in
the nine-pile group connected to a rigid reinforced
concrete block. For a pile group connected to a rigid
reinforced concrete block, the largest, the second largest
and the smallest pile loads are observed in the corner,
edge, and centre piles, respectively. This is consistent with
the field measured results and model test results (Cooke et
al. [37]; Lee and Chung [38]).
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Table 4 Predicted pile head load at different locations in the nine-pile group connected to a rigid reinforced concrete block

Centre
load (kN)
88.12
138.21
235.74
305.56
359.21
404.79
441.80
472.53
499.29
523.10
542.75
561.15
577.31

Edge
load (kN)
93.37
145.73
245.13
314.37
370.45
416.46
453.52
484.13
510.13
534.01
553.97
571.02
588.04

Fig. 10 shows the ratio of pile loads at the corner and
edge piles to the centre pile head load at different levels of
applied loads. The computed results indicates that the ratio
of pile loads at the corner and edge piles to the centre pile
head load decreases with increasing pile-group settlement
(pile-group load) and tends to steady state.
Ratio of load at head of corner and
edge pile to centre pile head load
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Fig. 10 Ratio of pile loads at the corner and edge piles to the
centre pile head load at different levels of applied loads for the
nine-pile group connected to a rigid reinforced concrete block

For a pile group connected to a flexible concrete block,
the pile head loads can be assumed to be the same for all
piles in the group. The load-settlement responses of the
piles at different locations of the nine-pile group connected
to a flexible concrete block can be predicted using the
previously approach (Rsf=0.90, and Rbf=0.90), as shown in
Fig. 11.
At the same loading level, the largest, the second
largest and the smallest pile head settlements are observed
at the centre, edge, and corner piles in the nine-pile group
connected to a flexible concrete block, respectively. This
discrepancy is probably caused by the development degree
of the interactive effects for the individual piles at different
pile locations. The interactive effect between individual
piles developed at the centre pile is larger than the edge
and corner piles.
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Corner
load (kN)
97.57
151.61
253.84
325.59
381.40
428.10
465.41
497.09
523.61
547.13
569.34
586.72
603.44

Settlement at head of individual pile (mm)

Total applied
load (kN)
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Fig. 11 Load-settlement responses of the piles at different
locations of the nine-pile group connected to a flexible concrete
block

5.2. Case two
The second case history reported by Briaud et al. [35]
was performed on a five-pile group loaded to failure in a
medium dense as descried earlier. In the analysis of the
response of the five-pile group, the Poisson’s ratio of the
soil is adopted as 0.5. The values of Rsf and Rbf are adopted
as 0.90 for the whole deposit around pile shaft and the soil
below the pile toe, respectively. The values of ag and bg
are calculated using equations (33) and (14), respectively,
while the values of fg and gg can be computed by equations
(37) and (18), respectively.
Fig.12 compares the measured load-average settlement
response of the five-pile group with the computed values.
The load-displacement curve at the pile head plotted from
the present approach is generally consistent with the
measured values given by Briaud et al. [35] and the
computed results suggested by Castelli and Maugeri [36].
However, the discrepancies between the predicted and
observed behavior generally becomes slightly larger when
the piles approach their ultimate loads.
As above discussed, also in this case, it is observed a
general increasing of pile group settlements with respect to
the case of single pile. The ratio between measured single
Qian-qing Zhang, Shu-cai Li, Fa-yun Liang, Min Yang, Qian Zhang
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Pile group settlement (mm)

pile and five-pile group settlement generally ranges around
the average value of 0.70 (Briaud et al. [35]), while the
ratio of calculated single pile to five-pile group settlement
derived from the present method (Rsf=0.90 and Rbf=0.90)
generally ranges around the average value of 0.80 (see
Figs. 7 and 12).
Table 5 shows the distribution of pile loads, predicted
by the present method (Rsf=0.90, and Rbf=0.90), at the
centre and corner piles at different loading levels in the
five-pile group connected to a rigid reinforced concrete
block. It can be concluded that for a pile group connected
to a rigid reinforced concrete block, the corner pile load is
larger than the load applied at the centre pile.
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Five-pile group
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Measured value
( Briaud et al. [35])

10
12

The present method
(Rsf=0.90, Rbf=0.90)

14
16

Calculated value
(Castelli and Maugeri [36])
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20

Fig. 12 Measured and calculated load-settlement responses of the
five-pile group connected to a rigid reinforced concrete block
Table 5 Predicted pile head load at different locations in the five-pile group connected to a rigid reinforced concrete block

Centre
load (kN)
101.86
162.47
204.81
237.65
264.50
289.48
308.73
325.60
342.13
356.76
368.57
380.43
391.17
399.99
408.99
417.26
424.87
431.90
437.79
443.91

Fig.13 shows the ratio of pile loads at the corner pile to
the centre pile head load at different loading levels. The
computed ratio of the corner pile head load to the load
applied at the centre pile decreases with increasing pilegroup settlement (pile-group load).
As previously discussed, the pile head loads can be
assumed to be the same for all piles in the group connected
to a flexible concrete block. The load-settlement responses
of the corner and centre piles in the five-pile group
connected to a flexible concrete block can be computed
using the present method (Rsf=0.90, and Rbf=0.90), as
shown in Fig.14.
Fig.14 shows that the pile head settlement of the centre
pile is larger than that of the corner pile at the same
loading level. The interactive effect between individual
piles developed at the centre pile is larger than the corner
piles. This will cause the discrepancy of the loadsettlement response of the piles at different pile locations.

Corner
load (kN)
112.17
178.46
224.51
260.49
289.82
316.94
337.14
355.42
372.00
386.35
399.02
410.61
422.08
429.71
438.33
446.17
453.34
459.92
465.39
471.04

Settlement of five-pile
group (mm)
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to centre pile head load
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load (kN)
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Fig. 13 Ratio of load at the head of corner pile to load at the top
of centre pile for the five-pile group connected to a rigid
reinforced concrete block
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Fig. 14 Load-settlement response of corner and centre pile of the
five-pile group connected to a flexible concrete block
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