
1. Introduction 

A simulation of fractured mechanism of

concrete has been implemented in

elastoplastic model. For proper analysis,

modeling of behavior of concrete under

different states of multiaxial stresses, load

paths especially in the post-peak region and

prediction of aspects such as

unloading/reloading are very significant. The

other cases of research are the behavior after

crack and splitting where concrete behavior

is anisotropy. Several models  are used  in the

recent years based on the stress/strain

invariants, but the classical approach to

constitutive modeling of concrete based on

direct use of stress/strain tensor and their

invariants which were used in the first decade

of computer programming,  now there is not

led to more accurate modeling of concrete,

However the models based on the concrete

microstructures such as microplane and

multilaminate can be able to improve

concrete modeling specially where the

concrete is non-isotropic or where there is

fabric property or crack in the concrete. The

proposed model is able to predict the

behavior of concrete under any arbitrary

stress/strain path and final failure

mechanism.

1.1 History of multilaminate 

The concept of multilaminate approach was

firstly proposed by Taylor in 1938[34].Later

a theory of plasticity based on the concept of

slip theory was developed by Batdorf and

Budiansky[35 ] for metals. This theory was

based on the assumption that slip in any

particular orientation in the material develops

a plastic shear strain which depends only on

the history of the corresponding component

of shear stresses/strains .Multilaminates

model for rocks was developed by

Zienkiewicz and Pande[30],Also Pande and

Sharma[31]developed elastoviscoplastic

model for clays.

Bazant and Oh[32] developed a model
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named as microplane model for fracture

analysis of concrete .This model  was based

on the strain control parameters.

Sadrnejad[33] developed a multilaminate

model for granular materials.

The concept of multilaminate is based on the

numerical approximation of integration of a

certain physical property distribution such as

strain distributed over the surface of a media.

This approach  can be numerically achieved

by summing up the multiplication of the

property values by the specified weighted

coefficients at predefined points and

considering it as an approximate

representative value over the media, Based

on this framework the behavior of a three

dimensional media is averaged and

approximated into the appropriate

summation of slipping behavior of sampling

planes passing through points .Consequently,

this slip feature could be representative of the

real variations of strain are taken place

through the boundaries of artificial structural

units. Therefore, the preciseness of the

solutions is highly related to employed

constitutive relation for frictional

slip/opening/closing gaps of a sampling

point.

2. Model explanation

The proposed model is originally based on

the multi-laminate framework for

elastoplastic behavior of intact concrete

substructural boundaries, considering

hardening/softening rule and elastic behavior

of substructural units. It consists following

bases:

- Constitutive equations

- Yield function and potential surface

- Hardening/Softening rule

- Flow rule and consistency condition

- Different crack initiation and contraction

effects

2.1 General Constitutive equation

From classical  theory strain can be

decomposed to elastic and plastic

components as follows:

dε = dε e+dε P
(1)

dε e
= Cedσ (2)

dε P
= CPdσ (3)

Ce
is the elastic part of compliance matrix

and  CP
is  the plastic compliance matrix. Ce

is constant for different planes and is

computed from elasticity theory.

dε P
Can be calculated from weighted

summation of   dε p
i of active planes, for

sphere with n planes with considering

multilaminate approach:

(4)

And  

(5)

(6)

(7) 

Where Le and Ls are transformation matrices

for strain and stresses, respectively and n is

number of planes.C− p
i is 3G3 compliance

matrix for  plane i in the local coordinates

and C p
i is 6G6 compliance matrix in the

global coordinate.

Cp
is composed from weighted summation of

C p
i corresponding to any of the  active
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planes, It should be noted that C p
i for elastic

planes(Non-active planes) is equal ZeroThe

procedure for calculation of C p
i is presented

in section 3, Analysis shows that using 13

planes satisfy accuracy for most engineering

problems. These planes are shown in the

Figure 1.

A modified Sub-loading yield surface is used

in the models[21],for elasto-plastic behavior

of planes as shown in the figure 2 subloading

surface always passes through the current

stress point and also keeps a similar shape to

the yield surface, renamed as the normal-

yield surface, and an orientation of similarity
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Fig.1 Multilaminate planes orientations
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to the normal-yield surface. Then, the

subloading surface does not only translate

but expands/contracts with the plastic

deformation. The similarity-center S moves

with a plastic deformation describes the back

stress in loading/unloading, although it was

fixed in the origin of stress space in the initial

subloading surface model, Vector represents

the kinematic hardening vector and  is the

vector normal to subloading and yield

surface that with some modification as

shown in section 3 shows the direction of

strain rate,with using this concept the model

has strong capability to predict isotropic and

kinematics hardening  behavior  for loading,

unloading and reloading

2.2 The Basic Planar Cases

The effects of any stress/strain path over a

simple typical dx, dy, dz cube element on an

arbitrary sampling plane can be led to four

stress/strain patterns. All of stress states in

the material can be divided to these four

categories on a typical plane as follows:

- Compression –shear with increasing in the

compression

- Compression –shear with decreasing in the

compression

- Tension –shear

- Pure compression

In this framework any form of yield criterion

including crack effects may be for different

sampling plane to consider any local

behavior aspect and with the summation of

all planes behavior we can approach to media

behavior.

In the most cases of element stress/strain

paths the compression or tension

accompanied with  shear is governing case

but for generality of model pure compression

is considered in the model. In this way any

complex form of stress/strain path is

analysed into the stated four cases on planes

and lead to proper planar behavior

The yielding  criteria proposed for the

identified cases are introduced as follow :

2.2.1 Compression-Shear

When a plane is subjected to compression

and shear two load paths may exist:

1. Increasing or constant shear/compression

rate with increase in the compression stress,

sample of this load path is Triaxial

compression test with constant lateral

pressure and increasing axial compression

stress, The uniaxial compression is a special

case that shear/compression ratio is constant.

2. Increasing shear/compression rate with

decreasing compression stress, sample of this

load pattern is triaxial test when the lateral

compression is decreased but axial

compression is remained. 

The behavior of concrete under the above

load paths is not completely similar thus two

separate functions are used in the equations.

2.2.1.1 Increasing shear/compression rate

with increase in the compression stress

In this model hyperbolic yield function for

compressive and shear stresses is considered

as follows: 

(8)

(9)  

(10)

C3 = Material constant  

F(H) = Hardening/Softening Function 

(11)
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Plastic strain (13)

Hm ,v1 =Material variable parameter 

C1,C2 Material fixed parameters 

v2 Material Strength variable 

CHi Hystersis softening parameter

(14)

SIGN= 1 for loading/reloading, 

SIGN= -1 Unloading

CH0i value of CHi at the end of previous

cycle, For First loading it  may be

CH0i= v3.C4
H0i value of Hi at the end of previous cycle in

the first loading(virgin material) it is zero. If

the previous load path is pure compression

H0i= C14 εv max
Ai Cyclic parameter, at the first loading  it is

C12, then it becomes :

Ai = C12 + C13 H0i (15)

at the end of  previous cycle

All of active planes in the states of loadings

such as uniaxial compression, Biaxial

Compression, Triaxial Compression and

some of planes in the Biaxial Compression-

Tension test can be categorized in the

compression-Shear state .Also it should be

noted that some of planes, for example plane

normal to load in uniaxial compression test is

in pure compression but this plane remain

elastic in the test.Fig. 3 shows the typical

yield function for compression /Tension

Shear.

2.2.1.2 Increasing shear/compression rate

with decrease in compression stress

In the model yield function is similar to

increasing compression stress except the C3
is revised to C5 as follows:

(16)

2.2.2 Tension-Shear

In this model mohr-Coloumb linear yield

function between tension stress and shear

stress is used:

(17)  
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(18)

(19)

(20)

Hardening is considered in the CH as

frictional hardening/softening including

degrading in the cyclic hystersis behavior

also FT(Hi) represents cohesional

hardening/softening and when the crack

opens the cohesional strength of material is

considered as zero but the frictional strength

is remained.

2.2.3 Pure compression state

For pure compression exponential function is

used as follows:

(21)

(22)

(23)

ε v max = Maxε v at end of loading

C9 = Material fixed parameter 

v5=Material variable parameter

Fig. 4 Shows this function typically.

2.3 Stresses on planes

For plane i three normal vectors is defined

and stress is computed as follow:

σi  = stress on plane i
nYi  = normal cosine of plane i
mYi  = Arbitrary vector on plane i
lYi  = Vector on plane i perpendicular mYi  
Vector summaries are as shown in Table 1.

2.4 Kinematic Hardening

Kinematic hardening is defined as below: 

(24)

= Kinematics hardening vector 

(25)

(26)

C6, C7,  material  constants

3. Computation procedure

After calculation of stress and yield function

for guaranty to move in or at the surface of
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yield function a penalty function of U is

defined as:

(27)  

(28)

ui=V6 Material variable parameter for shear

compression state

ui=V7 Material variable parameter for shear

tension state

U is the function that relates  R increment to

plastic strain increment and it guarantees that

Ri to be less than unit, It should be noted that

in the numerical calculation R may be greater

than one for 1-2 steps but the penalty

function of U adjust it to unit  even though

the load step is large.

(29)  

u = h for  R = 0

u > 0          R < 1

u = 0          R = 1

u < 0          R > 1

Similarity  center S is the center of

subloading in the space of stress

(30)  

(31)  

C10 = material constant

(32)  

(33)  

Non Associate flow rule     (34)  

(35)

(36)
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(37)

C15 = Material constant                                 

(38)  

(39)  

(40)  

(41)  

(42)  

Then the Cp
can be calculated with weighted

summation of all planes.

(43)

4. Calibration

The parameters of models  are divided into

two groups, fixed parameters that are same

for all normal concretes and need not to be

calibrated for any concrete, They are

parameters C1,C2,...,C15, and variable

parameters that should be adjusted for

specified concrete such as V1,V2,...,V7.

The model has been calibrated for

experimental data in three stages,  in the first

stage the material strengths under different

classical load paths such as biaxial stresses,

uniaxial compression and tension, triaxial

compression and shear –compression

interaction are evaluated and most of

material parameters are defined, at the

second stage the material response and strain

are evaluated for many load paths such as

uniaxial compression, uniaxial

tension,biaxial compression, biaxial

compression-tension,triaxial compression

with increase in axial compression or

decrease in lateral pressure and also concrete

behavior under pure compression, In the last

stage the model is evaluated for

unloading,reloading and cyclic loading in the

uniaxial compression.

For calibration of variable parameters (V1 to

V7 )that have more effects on the model

behavior, specified concrete stress-strain data

for uniaxial compression,uniaxial tension

and also a data for biaxial or Triaxial

compression strength are necessary for

calibration of shear-compression and shear-

tension states and test data for pure

compression should be used for calibration of

model if pure compression is important. The

variable parameters ranges are as shown in

Table 2 (SI units).

The effect of each variable parameter on the
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Variable
Parameter

Minimum
Value

Maximum
Value

Recommended
Value(f”c=40MPa)

Unit

V1 .0005 0.05 0.01 m 
V2 0.2E7 0.5E7 0.3E7 Pa 
V3 0.55 0.7 0.63 - 
V4 0.05E7 0.2E7 0.1E7 Pa 
V5 -.002 -.005 -.003 - 
V6 3,000 8,000 5,000 - 
V7 100,000 150,000 120,000 - 

Table 2 Variable Parameters range
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model behavior is investigated by sensitivity

analyses and results are as follow:

V1 Shifts peak stress, increase strain over

peak stress point

V2 Increase concrete strength, specially shear

and tensile strength

V3 Changes stiffness and also compression

strength

V4 controls on the pure shear strength and

tensile strength

V5 Increase material strength and stiffness in

pure compression

V6 Controls material stiffness in the

compression state 

V7 Controls material stiffness in the tension

state

Fixed parameters (C1 to C15)  have not

changed in the different concrete and the

values which were set can be used for normal

concrete with compressive strength between

20MPa to 60 MPa but for high strength

concrete or special concrete such as fiber

reinforced concrete these value should be

adjusted, It should be noted that when more

preciseness  is necessary some of the fixed

parameter is recommended to be adjusted for

example C3 is very important for high

confinement or C13 is very important for

cyclic stress behavior. The typical values of

fixed parameters for normal concrete are as

show in Table 3.

The effects of each fixed parameter on the

model behavior are investigated and are as

follow:

C1,C2 Shift post peak and effect on the

residual stress and stiffness on the postpeak

C3 Controls  strength on high pressure region

specially (increasing compression)

C4 Controls  stiffness degrading

C5 Controls  strength on high pressure

region specially (Decreasing compression)

56 International Journal of Civil Engineerng. Vol. 5, No. 1, March 2007

Fixed
Parameter

Recommended Value 
(Normal Concrete) 

Unit

C1 -0.01 - 
C2 -0.001 - 
C3 3.E-9 Pa-1

C4 1.8 - 
C5 1.5E-9 Pa-1

C6 1.6E6 Pa

C7 0.4 -

C8 5000 m-1

C9 250. m-1

C10 300 Pa

C11 200 -

C12 -55. m-1

C13 -5000. m-2

C14 0.11 -

C15 0.20 -

Table 3 Fixed Parameters
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C6, C7 Affect on the kinematic hardening

C8 Affect on the hardening/softening in the

tension state(post peak)

C9 Control the plastic curvature in pure

compression

C10 Control hystersis behavior and residual

stress

C11 Affect on the back stress in the hystersis

loading,

C12 and C13 affect on the hystersis behavior

C14 Relates the pure compression damage to

other states of stress

C15 Affect on the volumetric strain

It should be noted that if only compression-

shear state is important the strength of

concrete can be adjusted with defining V2
and V3 and for strength calibration,  V6 for

adjusting Stiffness and V1 for post peak

region if it is needed, Thus for compression

shear state in the ascending branch of loading

that is most important and practical case only

three variable of V2,  V3 and V6 calibration

are necessary, For more preciseness near

peak and over V1 should be adjusted, For

tension and tension shear cases variable V3,

V4 and V7 should be adjusted too. V5
adjustment is only necessary for pure

compression or high confinement pressure.

5. Model Evaluation

As illustrated above the model has been

evaluated with experimental data from

literature  for its calibration and evaluations

Figure 5 shows the comparison of shear

compression stress interaction of model

prediction with as experimental test of  by

Bresler[24]that shows the strength of model

is close to experimental result.

Figure 6 shows the biaxial stress envelop of

Tasuji[29] with model prediction,the model

has good fitting in compression-tension and

also tension-tension region but in the

compression-compression region it is little

more than experimental result.

Figure 7 shows the result of uniaxial

compression test(Van Mier[26])with as

predicted by model that shows very good

fitting of whole response, also the volumetric

strain result of model is compared with

experimental data that is quite fitted.

Figure 8 shows the comparison of uniaxial

tension tests performed by Pettersson[26],the

model result is close to experimental data and

has good fitting.

Figures 9 and 10 show the experimental data

of Sfer[6] for high and low lateral pressure of

triaxial test with model result, they show that

model predicts higher strength in high

pressure (7%) but in the lower pressure it is

close to experimental result.

Figure 11 shows the result of triaxial

compression test data where the lateral

pressure decreased and axial pressure

increased with ratio of 1/-0.2,then after peak

the axial pressure drops(unloading),The

model prediction has good fitting with the

experimental data[4].

Figure 12 show the result of hydrostatic

compression of Green and Swanson[22] with

model prediction that shows very good fitting

of model and experimental data.

Figures 13 and 14 show the comparison

between Tasuji[29] test data for biaxial

compression-compression and biaxial

compression-tension, it should be noted that

the model and test data is close near peak but

model predicts higher strength.

Figure 15 show the result of uniaxial

compression cyclic loading of Sinha[28] with

model prediction that shows close fitting

57International Journal of Civil Engineerng. Vol. 5, No. 1, March 2007
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Fig.5 Comparison of model for shear-compression experimental data,Bresler[6]
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Fig.6 Comparison of model for biaxial stress experimental data,Tasuji[29] 
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Fig.7 Comparison of model for uniaxial compression  experimental data,Van mier[26] a)Stress-strain curve b)volumetric
strain versus stress
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Fig.8 Comparison of model for uniaxial tension  experimental data,Petersson[23] a)f’c=42.5 b)f’c=56.7

Fig.9 Comparison of model for Triaxial compression  experimental data-High lateral pressure ,Sfer [6] a)Stress-strain curve
b)volumetric strain versus stress
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Fig.10 Comparison of model for Triaxial compression  experimental data-Low lateral pressure ,Sfer [6]
a)Stress-strain curve b)volumetric strain versus stress

0

100

200

300

400

500

0.00 0.01 0.02 0.03 0.04 0.05

     AXIAL STRAIN

A
X

IA
L

 S
T

R
E

S
S

(M
P

a 
)

Experimental

Model

Bazant [4]
f 'c=45.7MPa
E=25000MPa
v 1 =0.01
v 2 =0.32E7
v 3 =0.65
v 4 =0.1e7
v 5 =-0.003
v 6 =5000

Fig.11 Comparison of model for Triaxial compression
experimental data-Axial loading and lateral

unloading,Bazant [4] 
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Fig.12 Comparison of model for hydrostatic compression
experimental data-Green and Swanson [22] 
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Fig.13 Comparison of model for Biaxial compression-compression  experimental data-Tasuji et. al. [29] 
a)Stress-strain curve b)volumetric strain versus stress
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Fig.14 Comparison of model for Biaxial compression-tension experimental data-Tasuji et. al. [29]
a)Stress-strain curve b)volumetric strain versus stress
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Fig.15 Comparison of model for cyclic uniaxial compression experimental data-Sinha et. al. [28] 

Fig.16 Typical Shear stress- plastic strain for different planes in the uniaxial compression test
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between model results and test data.

Figure 16 show the shear stress and shear

strain diagram for  typical planes of 1(similar

2,3 and 4) and plane 7(similar 8,9 and 10) in

the uniaxial compression loading, it shows

that plane 1 has more plasticity  and shear

strain than plane 7 because the  normal

compression stress in plane 1 is larger than

plane 7 till peak stress after that in the

descending branch plane 1 continues to

increase the shear strain but plane 7 that

didn’t reach the peak stress started to

unloading it shows the phenomena of

mulilaminate when one plane is under

loading the other may be on the unloading, it

is more complex when  complex load path is

considered and the capability of model

allows user to simulate any stress/strain load

path.

6. Conclusions

From this research  on the basis of

substructure   a model for simulation of

concrete behavior under any stress/strain

path in the multilaminate framework with

using sub-loading surface is derived.

However the model has too many parameters

but with calibration of 3 to 7 variable

parameters it can be able to predict the plastic

behavior of normal concrete under any

arbitrary load path in ascending/descending

branch of loading. The comparison of model

with experimental data including uniaxial

compression, tension, biaxial loading,

triaxial compression, hydrostatic

compression and cyclic loading show the

good simulation of model. 
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