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1. Introduction

Scattering effects of an embedded cylindrical cavity on the

ground surface waves are among the most interesting

geotechnical earthquake engineering topics in recent years.

Nowadays, subway tunnels in central urban areas are

drastically implemented to improve the transportation quality

and quantity. Construction of such large-scale cavities under

the ground will certainly affect the ground motion and further

affect existing buildings nearby. Hence, it is important to

estimate this effect on the seismic design of buildings. In this

regard, different analytical and numerical studies have been

published to date. 

Numerical methods of the seismic study of the spatial ground

response can be classified into two groups: domain type methods

(e.g. finite element (FEM) and finite difference methods (FDM))

and boundary type methods (e.g. boundary element methods

(BEM) and hybrid type methods). BEM, in comparison with

FEM, only requires the discretization of the boundary of the

domain interested and does not need any domain discretization.

Additionally, BEM takes automatically Sommerfeld’s radiation

conditions at infinity for infinite and semi-infinite domains.

Hence, this method does not need additional devices for treating

problems such as stress concentrations [1].

BEM can be performed in two domains of time and

frequency. Time-domain in comparison with frequency-

domain boundary element methods, in that it provides a direct

way of obtaining the time history of the response and it can be

extended to the non-linear behavior. Bounded regions with
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geometrical irregularity are modeled by the FEM, and the

surrounding unbounded one is modeled by the BEM. Mansur

[2] and Antes [3] were the firsts who formulated a time-

stepping algorithm using two-dimensional kernels. But their

traction kernels were very complicated, and appeared only

implicitly in the BEM formulation. In this regard, Israil and

Banerjee [4-6] introduced a new formulation which included

simple and explicit kernels. While this formulation was easier

to apply and could be used to evaluate the response of a

structure either in a step-by-step time marching manner or by

the superposition of the impulse response, a step-by-step

marching scheme could be extended to non-linear cases [1].

Kamalian et al. [7-12] implemented modified kernels in site

response analyses of topographic structures. 

A review of published researches on the analytical and

numerical 2-D evaluation of underground cylindrical cavity

effects on the ground seismic response indicates that a

majority of them were focused on analytical methods while

introducing new methodologies. Pao and Mow [13]

investigated the dynamic stress concentration of a single

cavity in the whole space for incident elastic plane waves. Lee

and Trifunac [14] studied the dynamic response of lined

cylindrical cavities in a uniform elastic half-space to

horizontal shear waves (SH) through Fourier-Bessel series

expansion method. Crichlow [15] studied the two-dimensional

finite element modeling of underground structural anomalies

at shallow depths to obtain the response at the ground surface

to damped, vertically incident, SH-waves. Dravinski [16]

studied the scattering of plane harmonic horizontal shear

waves (SH), vertical shear waves (SV), longitudinal waves  (P)

and Rayleigh waves by several inclusions of arbitrary shapes,

completely embedded cavity within an elastic half-space. Lee

and Karl [17] evaluated the scattering and diffraction of plane

SV waves by underground, circular, cylindrical cavities at

various depths in an elastic half-space. They used Fourier-

Bessel series in analytical method. Using an indirect boundary

integral method based on two-dimensional Green functions for

a visco-elastic half-space, De Barros and Luco [18] studied the

response of a viscoelastic half-space containing a buried,

unlined, infinitely long cylindrical cavity with circular cross-

section subjected to harmonic plane SH, P, SV and Rayleigh

waves. Manoogian and Lee [19] applied the weighted residual

method to the problem of scattering and diffraction of plane

SH-waves by an underground cavity of different elastic

mediums with arbitrary shape in a two-dimensional half-

space. Later, Manoogian [20] applied the same method for the

problem of the scattering and diffraction of plane elastic

waves, in the form of SH waves, by a tunnel of arbitrary shape

located below the surface of a two-dimensional half- space.

Davis et al. [21] investigated the transverse response of

underground cylindrical cavities and pipes to incident SV
waves. They implemented analytical solutions for unlined

cavities embedded within an elastic half-space by using

Fourier Bessel series and a convex approximation of the half-

space free surface. Jianwel and Lee [22, 23] performed a series

of solutions for surface motion amplification due to

underground twin cavities for incident plane P and SV waves

derived by Fourier-Bessel series expansion method.

Rodriguez-Castellanos et al. [24] verified the effect of the

indirect boundary element method on 2D scattering of elastic

P and SV waves. Geometries considered in this study were

planar and elliptic cracks and cavities. Smerzini et al. [25]

used expansions of wave functions in terms of Bessel and

Hankel functions for studying the anti-plane seismic response

of underground structures subjected to the incidence of both

plane and cylindrical waves. They assumed that the structure

was a circular inclusion embedded in a homogenous, isotropic

and linear visco-elastic half-space. Yu and Dravinski [26]

reported anti-plane-strain model for the steady-state scattering

of elastic waves by a rough inclusion or a cavity embedded in

a half- space by using a direct boundary integral equation

method for a plane harmonic SH wave. Yu and Dravinski [27]

investigated the scattering of plane harmonic P, SV or Rayleigh

waves through a direct boundary integral equation method by

a 2-D smooth and rough cavity completely embedded in an

isotropic half-space and full-space. Yu and Dravinski [28]

evaluated the scattering of a plane harmonic P, SV or Rayleigh

wave by a corrugated elastic inclusion completely embedded

in a two-dimensional isotropic half-space and full space using

a direct boundary integral equation method. 

As mentioned above, almost all BEM applications to the

study of the cavity’s effect on the seismic site response

reported in the literature were restricted to the frequency-

domain. The important limitation of the analysis in frequency-

domain is its shortcoming in non-linear problems. This paper

applies an advanced time-domain BEM in order to execute the

ground site response underlain by unlined cavities that are

subjected to vertically propagating SV and P incident waves.

The applicability and efficiency of the presented algorithm is

demonstrated by analyzing the response of a buried, unlined

and infinitely long cylindrical cavity with a circular cross-

section subjected to SV and P waves.

2. Formulation of the Problem

The governing equation for an elastic, isotropic and

homogeneous body with a small amplitude displacement field

can be written as:

(1)

in which ui denotes the displacement vector, bi indicates the

body force vector, and c1 and c2 are the spreading velocities of

the compressional and shear waves respectively, where

c1
2=(λ+2μ)/ρ and c2

2
=μ/ρ, in which, λ and μ are the Lame

constants and ρ is the mass density. In this paper, soil behavior

is assumed to be linear and the body forces are neglected.

In cases where the domain Г contains holes, contours are

more than one. In another word, a finite number of non-

intersecting inner contours are enclosed by an outer boundary.

This type of domain, in mathematical terms, is referred to as a

multiplied connected domain [29, 30]. The geometry of the

model is illustrated in Fig. 1.  

Using the well-known weighted residual method, the

governing boundary integral equation for the elastic, isotropic,

and homogeneous half-plane domain Г containing holes and

ignoring contributions from initial conditions and body forces

can be written as: 
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(2)

Also it is noted that:

(3)

and 

Г= Г1+ Г2

Thus:

(4)

For seismic loading, assuming that the total displacement

can be split into incident (uj
inc.

) and scattered (ui
sc.

)

components, the governing boundary integral equation (BIE)

should be modified as follow [7, 9, 10, 11]:

Gij and Fij, are the transient displacement and traction

fundamental solutions of Eq.1, respectively, and denote the i th
components of displacements and tractions at a point x at time

t, due to a unit point force applied in direction j at point ξ at the

preceding time τ.Gij ⊗ ti and Fij ⊗ ui denote the Riemann-

convolution integrals, the operation ⊗ denotes time

convolution like:

where “f” and “g” are two functions and “t” is the time. This

operation is applied in order to simplify the governing

boundary equations and cij is the well-known discontinuity

term resulting from the singularity of the traction fundamental

solution kernel. Implementation of boundary integral Eq.2,

needs approximation in both temporal and spatial variations of

field variables. For temporal integration, the time axis from 0

to T is divided into N equal steps of duration Δt, i.e. T=NΔt. 

2.1. Numerical Discretization

Eq.1 is an exact representation of the transient problem of the

seismic response of a homogenous isotropic substructure cavity,

since no approximation has yet been introduced. However, for

the practical problem, suitable approximations are needed for

both the spatial and temporal variations of field variables. As

will be shown, temporal integrations of the time functions

involved will be performed analytically, whereas the spatial

integration should be performed using numerical techniques.

Linear time variation
Using a linear time variation of field variables, displacements

and tractions are expressed as:

(6)

where M1(τ) and M2(τ) are linear temporal shape functions

given by:

(7) 

Subscripts 1 and 2 refer to the forward and backward

temporal nodes during a time step, respectively. Thus the time

integration involves only kernels and is expressed by:

(8)

Where Gij1
N+1-n

and Gij2
N+1-n

are the time-convoluted

elastodynamic traction kernels for the forward and backward

time nodes during a time step, respectively, which are derived

analytically [7].

Temporal integration
For temporal integration, the time axis is divided into N equal

steps i.e. T=NΔt. Combining this and a similar expression for

the F-kernels in Eq.5, after spatial discretization and some

rearrangements, the convoluted BEM equation for linear

temporal variation can be written as:

In which:
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��

��

Fig. 1 Schematic geometry of a multiplied connected domain by
BEM. The integral direction is Counterclockwise on the ground

surface and Clockwise on the cavity

(5)

(9)
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(10)

N indicates the last time step, Q shows the total number of

boundary elements and L represents the interpolation function

of a boundary element. Gij
N+1-n

and Fij
N+1-n

are the elasto-

dynamic displacement and traction kernels, respectively,

derived from their corresponding fundamental solutions Fij
and Gij, as presented before [7]. 

The assembled system of equation takes the following matrix

form by sequentially writing Eq.9 for each boundary node at

the time of t+Δt and by transferring all known terms to the

right side:

F1.UN=G1.TN+ZN (11)

In which:

(12)

UN and TN denote the nodal displacement and traction vectors

at the current time node, respectively. ZN includes both effects

of the past dynamic history and the incident motion on the

current time node.

It should be mentioned that the spatial integral of Eqs.11 and

12 could be performed easily using the Gaussian normal

quadrature rule, provided an intelligent sub-segmentation with

suitable mapping is adopted to make the kernel-shape

function-Jacobian product well behaved over each sub-

segment. Strongly singular blocks in F1 could be evaluated

indirectly using the concept of the rigid body motion [31]. This

technique is valid only for problems with closed boundaries

and the unbounded boundaries of half-plane problems which

should be enclosed with fictitious ones.

3. Numerical Verifications and Discussions

The above-mentioned formulation has been implemented in a

computer code named SAMBE (Seismic Analysis of Multiple

Boundary Element). The numerical examples presented in this

section demonstrate the applicability and efficiency of the

proposed time-stepping BEM in order to carry out the response

of an embedded, unlined, infinitely long cylindrical cavity with

a circular cross-section subjected to incident SV and P waves.

The embedded cavity was subjected to vertically propagating

incident waves of the Ricker type (Fig. 2):

(13)

where fp, t0, and Amax denote the predominant frequency, time

shift parameter, and maximum amplitude of the time history,

respectively.

3.1. Verification of the Results with De Barros and Luco [18]

The purpose of the present verification is to illustrate the

applicability and accuracy of the presented BE algorithm in

calculating dynamic displacements in the vicinity of an

embedded cylindrical cavity in a linear elastic half-plane. The

problem presented in this section is studied in a dimensionless

form by De Barros and Luco [18] for weakly inelastic media.

Fig. 3 shows the geometry used for embedded cylindrical

cavity analysis in a homogeneous half-plane subjected to

vertically propagating incident SV and P waves of the Ricker

type. In this figure, “h” is the depth of the cavity center-line

below the free surface and “a” is the radius of the cavity.

The Ricker wave has a predominant frequency of 1.5 Hz,

time shift parameter of 0.675 sec and maximum amplitude of

0.001 m. The cavity has a radius of 50 m. The shear wave

velocity, Poisson’s ratio and mass density are 223.33 m/s, 0.33

and 2.0 ton/m3, respectively. In order to discretize the problem,

245 quadratic boundary elements were used. Five different

time steps of 0.015, 0.020, 0.025, 0.035, and 0.05 have been

chosen, combinations of which with element size give proper

values of 0.025 and 10 m for time steps and cavity element

size, respectively. 

3.1.1. The Results of SV Incident Waves
Figs. 4 to 7 illustrate the comparison of the normalized

amplitude of total horizontal and vertical displacement on the

ground surface and cavity wall. This normalization has been

done by De Barros and Luco [18] through the amplitude of
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vertical SV incident waves on the ground surface. Results for

h/a=1.5 and 5.0 are shown for normalized frequency

(η=ωa/πc2) of 0.5, where ω: presents the angular frequency of

the wave, and “a” and “c2”: denote the radius of the cavity and

shear wave velocity of medium, respectively. The

dimensionless frequency defined as the ratio of twice the

radius of the cavity to the shear wavelength. Results of

horizontal and vertical displacement components are different

from free-field motion. As it is observed, acceptable results are

obtained by the BE method in purely elastic medium for

incident SV waves, whereas, De Barros and Luco (1994)

results include a small amount of attenuation. The main target

of Luco and De Barros (1994) studies are validating two-

dimensional viscoelastic green’s functions by indirect

boundary integral method with previous studies in purely

elastic medium. Hence, in order to resolve previous study
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Fig. 3 Schematic geometry and discretization of the embedded
cylindrical cavity subjected to vertically propagating incident SV

and P waves of the Ricker type
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Fig. 4 Normalized amplitude of total horizontal displacement on the
ground surface due to embedded cylindrical cavity in case of the

vertically incident SV waves and η=0.5. The solid and dashed lines
represent the horizontal component of displacement for shallow

(h/a=1.5) and deep (h/a=5.0) cavity obtained by BE method,
respectively. The diamond and circle symbols represent the

horizontal component of displacement for shallow and deep cavity
obtained by Luco and De Barros [18], respectively
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Fig. 6 Normalized amplitude of total horizontal displacement on the
cylindrical cavity wall in case of the vertically incident SV waves

and η=0.5. The solid and dashed lines represent the horizontal
component of displacement for shallow (h/a=1.5) and deep

(h/a=5.0) cavity obtained by BE method, respectively. The diamond
and circle symbols represent the horizontal component of

displacement for shallow and deep cavity obtained by Luco and De
Barros [18], respectively
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Fig. 5 Normalized amplitude of total vertical displacement on the
ground surface due to embedded cylindrical cavity in case of the

vertically incident SV waves and η=0.5. The solid and dashed lines
represent the vertical component of displacement for shallow
(h/a=1.5) and deep (h/a=5.0) cavity obtained by BE method,

respectively. The diamond and circle symbols represent the vertical
component of displacement for shallow and deep cavity obtained by

Luco and De Barros [18], respectively
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Fig. 7 Normalized amplitude of total vertical displacement on the
cylindrical cavity wall in case of the vertically incident SV waves

and η=0.5. The solid and dashed lines represent the vertical
component of displacement for shallow (h/a=1.5) and deep

(h/a=5.0) cavity obtained by BE method, respectively. The diamond
and circle symbols represent the vertical component of displacement
for shallow and deep cavity obtained by Luco and De Barros [18],

respectively
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problems with viscoelastic green’s functions, a small amount

of damping (nonzero) was needed to be considered by Luco

and De Barros (1994).

Figs. 8 and 9 compare the ground responses obtained at

points A and B via different time steps in case of the incident

SV waves. As it is seen, suitable agreements exist between

results obtained by the BE method via different time steps.

Results for horizontal and vertical components are quite

different. For vertically incident SV waves, the presence of a

shallow cavity (h/a=1.50) in comparison with free-field

motion reduces horizontal components of motion on the

ground surface above the cavity for a dimensionless

frequency (η) of 0.5, whereas it increases vertical components

significantly. Additionally, for a deeply embedded cavity

(h/a=5.0), the effect of the cavity on the surface ground

motion is small for η=0.5. Figs. 6 and 7 show normalized

amplitudes of the total displacement on the cavity wall for

four points on the cavity wall (θ = 0, 90, 180 and 270˚). In a

shallow cavity (h/a=1.5), the vertical component of

displacement on the cavity wall for SV waves is greater than

its horizontal component for η=0.5. 

3.1.2. The Results of P Incident Waves
In this section of the study, the results of BEM code are

compared with De Barros and Luco’s [18] studies for P
incident waves. The comparison of normalized amplitude of

total horizontal and vertical displacements on the ground

surface and cavity wall are respectively demonstrated 

on Figs. 10 to 13. As it is observed, acceptable results are

obtained by the BE method for incident P waves. The 

ground responses obtained at points A and B via different time

steps in case of the incident P waves are demonstrated on Figs.

14 and 15. As it is seen, proper agreements exist between

results by the BE method via different time steps. SV waves

have different responses compared to the results of P waves.

The presence of a shallow cavity (h/a=1.50) in comparison

with free-field motion, for vertically incident P waves
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Fig. 8 Horizontal displacement time histories at point (A) via different
time steps, in the case of vertically propagating incident SV waves
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Fig. 9 Horizontal displacement time histories at point (B) via different
time steps in case of vertically propagating incident SV waves
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represent the horizontal component of displacement for shallow

(h/a=1.5) and deep (h/a=5.0) cavity obtained by BE method,
respectively. The diamond and circle symbols represent the
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increases vertical components of motion on the ground

surface above the cavity for η=0.5, whereas it reduces

horizontal components. The effect of the cavity on 

horizontal components of surface ground motion is small for a

deeply embedded cavity (h/a=5.0), however, for vertical

components are vice versa at η=0.5. Normalized amplitudes of

the total displacement for four points on the cavity wall 

(θ = 0, 90, 180 and 270˚) are shown on Figs. 12 and 13. 

The vertical component of displacement on the cavity wall 

for P waves is greater than its horizontal component in 

shallow cavity (h/a=1.5) for a dimensionless frequency (η) 

of 0.5.

3.2. Verification of the Results with Yu and Dravinski [27]

The aim of this verification is to show the accuracy and

applicability of the presented BE algorithm in order to

investigate the scattering pattern by smooth cavity which is

completely embedded in a linear elastic half-space subjected

to vertically propagating incident SV and P waves of the

Ricker type (Fig. 3). The problem descript in this section is in

a dimensionless form investigated by Yu and Dravinski [27].

The mass density and shear wave velocity of the half-plane are

chosen to be 2.0 ton/m3 and 223.33 m/s, respectively. The

cavity has a radius of 50 m. The Poisson’s ratio of the material

is chosen to be 0.33. The predominant frequency, the time shift

parameter and the maximum amplitude of the incident motion

are chosen as 3.0 Hz, 0.675 sec and 0.001 m, respectively. The

problem is solved by using a BE method with 245 quadratic

elements. 

3.2.1. The Results of SV Incident Waves
The normalized horizontal and vertical displacement

amplitude of a half-space medium subjected to the incident

motions with those obtained by Yu and Dravinski [27] are

compared and shown on Figs. 16 and 17 for a dimensionless

frequency (η) of 1.0 and h/a=2.0. This study suggests that

appropriate results are obtained by the BE method for incident

SV waves. Figs. 18 and 19 compare the ground response

obtained at points A and B via different time steps in case of

incident SV waves. As illustrated, suitable agreements are

observed between results obtained by the BE method via
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Fig. 13 Normalized amplitude of total vertical displacement on the
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η=0.5. The solid and dashed lines represent the vertical component of
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by BE method, respectively. The diamond and circle symbols represent

the vertical component of displacement for shallow and deep cavity
obtained by Luco and De Barros [18], respectively
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Fig. 14 Vertical displacement time histories at point (A) via different
time steps in case of vertically propagating incident P waves
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the cylindrical cavity wall in case of the vertically incident P waves

and η=0.5. The solid and dashed lines represent the horizontal
component of displacement for shallow (h/a=1.5) and deep

(h/a=5.0) cavity obtained by BE method, respectively. The diamond
and circle symbols represent the horizontal component of

displacement for shallow and deep cavity obtained by Luco and De
Barros [18], respectively
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Fig. 15 Vertical displacement time histories at point (B) via different
time steps in case of vertically propagating incident P waves
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different time steps. Results of horizontal and vertical

displacement components are different from free-field motion.

For a vertically incident SV wave, the half-space surface

motion can be divided into two groups including ⏐X⏐>5a

and⏐X⏐≤5a. According to Figs. 16 and 17, it can be observed

that amplitude of displacements attenuates in the case of

⏐X⏐>5a in comparison with ⏐X⏐≤5a.

3.2.2. The Results of P Incident Waves
Figs. 20 and 21 for a dimensionless frequency of 1.0 and

h/a=2.0 provide comparison between the normalized horizontal

and vertical displacement amplitude of a half-space medium

subjected to the incident P waves with those obtained by Yu

and Dravinski [27]. The ground response obtained at points A

and B via different time steps are demonstrated on Figs. 22 and

23 in case of incident P waves. Suitable agreements are

observed between results by the BE method as illustrated via

different time steps. As it is observed, the maximum values of

normalized displacements in vertical component of P waves

are larger than horizontal component of SV waves for η=1.0. It

is also noticeable in comparison of SV vertical component with
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the ground surface due to embedded smooth cavity in case of the
vertically incident SV waves and η=1.0. The solid line represent 

the vertical component of displacement for h/a=2.0 obtained by BE
method. The circle symbols represent the vertical component of
displacement for h/a=2.0 obtained by Yu and Draviniski [27],

respectively
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Fig. 18 Horizontal displacement time histories at point (A) via
different time steps in case of vertically propagating incident SV waves
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Fig. 16 Normalized amplitude of total horizontal displacement on
the ground surface due to embedded smooth cavity in case of the

vertically incident SV waves and η=1.0. The solid line represent the
horizontal component of displacement for h/a=2.0 obtained by BE
method. The diamond symbols represent the horizontal component

of displacement for h/a=2.0 obtained by Yu and Draviniski [27],
respectively
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Fig. 20 Normalized amplitude of total horizontal displacement on
the ground surface due to embedded smooth cavity in case of the
vertically incident P waves and η=1.0. The solid line represent the
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Fig. 19 Horizontal displacement time histories at point (B) 
via different time steps in case of vertically propagating incident 

SV waves
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horizontal component of P waves. The half-space surface

motion can be divided into two groups including ⏐X⏐>5a

and⏐X⏐≤5a for a horizontally incident P waves. It could be

observed that amplitude of displacements attenuates in the case

of ⏐X⏐>5a according to Figs. 20 and 21.

4. Conclusion

In this paper, an advanced time stepping BEM algorithm is

presented and applied to attain the response of an embedded,

unlined and infinitely long cylindrical cavity with a circular

cross-section subjected to SV and P waves in time-domain.

The applicability and efficiency of the algorithm have been

demonstrated by comparing the results of the present research

with those of frequency-domain BEM examples concerning the

effect of cylindrical cavity on the site response analysis. The

compared examples were an embedded cylindrical cavity studied

by De Barros and Luco [18] and an embedded smooth unlined

cavity subjected to vertical incident SV and P waves investigated

by Yu and Dravinski [27]. Since the presented algorithm is

completely formulated in time-domain, it enables the extension

of solving scattering problems and calculating dynamic

displacements of two-dimensional cavity structures with non-

linear behavior. Numerical results show that for a vertically

incident SV wave, a shallow cavity in comparison with free-field

motion reduces the horizontal component of the motion on the

ground surface above the cavity, while it significantly increases

the vertical component for η=0.5. However, for a P wave, the

vertical of displacement is increased compared to displacements

of those of the horizontal component for η=0.5. For a deeply

embedded cavity, the effect of the cavity on the surface ground

motion is negligible for incident SV wave, but in case of P wave

the vertical component of displacement is increased. As it is

observed, the maximum values of normalized displacements in

vertical component of P waves are larger than horizontal

component of SV waves for η=1.0. It is also noticeable in

comparison of SV vertical component with horizontal component

of P waves. Additionally, far and near distances from the center

of the cavity show different amplitude patterns of response

displacement. The effect of the cavity on ground surface for the

far distance response amplitude is observed to be smaller than

that of near distance motion. At last it should be mentioned that

in this research the effect of the underground cavities on the

seismic ground response was investigated using the time domain

BEM. Of course this type of problems can be solved using other

numerical methods including the finite element method (FEM)

[32] as well as the discrete element method (DEM) [33, 34] and

all obtained results deserve to be compared in the future.
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